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An example of a mathematical
proof

Proof Let xe Z be such that x2 is even.

If x2 is even, then x is even (x € Z).

We need to prove that x is even too.
Assume that X is odd, towards a contradiction.

If x is odd than x = 2y+| for some y € Z.

Then x2 = (2y+1)2=4y2 + 4y + | = 2(2y2 + 2y) + |
and 2y2 + 2y e 7.
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Exposing logical structure

Proof Let x< Z
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Proof

VX[X € Z A x =2 :x%-2x =0]

Let xe Z be arbitrary and assume that x=2.

Then, for this particular x, it holds that
x2 - 2x = x(x-2) =0 (Why?)

Conclusion: Vx[x € Z A x=2 :x2-2x =0].
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VX[X € Z AXx=2:x?-2x =0]

4 )

Whenever we encounter an a € 7 such that a=2,

we can conclude that a2 - 2a =>0.

For example, (523872 -2-52387) =0
since 52387 ¢ 7/ and 52387 =2.

. J

29



Vv elimination

How do we use a universal quantification in a proof?

30



Vv elimination

How do we use a universal quantification in a proof? similar to
implication

but we need
a withess

30



Vv elimination

How do we use a universal quantification in a proof? similar to
implication
e ™ but we need

Il a witness

(k) vx[P(x) : Q(x)]
1]
()  PQ@)
1]
{v-elim on (k) and (1)}
(M) Q) )

30 (k<m,| <m)




Vv elimination

How do we use a universal quantification in a proof? similar to
implication
e ™ but we need

Il a witness

(k) vx[P(x) : Q(x)]
1]
()  PQ@)
1]
{v-elim on (k) and (1)}
(M) Q) )

30 (k<m,| <m)




Vv elimination

How do we use a universal quantification in a proof? similar to
implication
e ™ but we need

Il a witness

(k) vx[P(x) : Q(x)]
1]
()  PQ@)
1]
{v-elim on (k) and (1)}
(M) Q) )

30 (k<m,| <m)




Vv elimination

How do we use a universal quantification in a proof? similar to
implication
e ™ but we need

Il a witness

(k) vx[P(x) : Q(x)]
1]
()  PQ@)
1]
{v-elim on (k) and (1)}
(M) Q) Y

30 (k<m,| <m)




Vv elimination

How do we use a universal quantification in a proof? similar to
implication
e ™ but we need

Il a witness

(k) vx[P(x) : Q(x)]
1]
()  PQ@)
1]
{v-elim on (k) and (1)}
(M) Q) Y

30 (k<m,| <m)




J introduction

How do we prove an existential quantification!?

31



J introduction

How do we prove an existential quantification? - WX[P(x):"Q(x)] i

3x [P(x) : Q(x)]

31



J introduction

How do we prove an existential quantification? - WX[P(x):"Q(x)] i

3x [P(x) : Q(x)]

4 N

{Assume}

(k) | ¥X[P(x) :7Q(x)]

(I-1)] F
{3-intro on (k) and (I-1)}

() 3 [P(x) : Q(x)]
- /

31




J introduction

How do we prove an existential quantification? - WX[P(x):"Q(x)] i

3x [P(x) : Q(x)]

4 N

{Assume}

(k) | ¥X[P(x) :7Q(x)]

(I-1)] F
{3-intro on (k) and (I-1)}

() 3 [P(x) : Q(x)]
- /

31




J introduction

How do we prove an existential quantification? - WX[P(x):"Q(x)] i

3x [P(x) : Q(x)]

4 N

{Assume}

(k) | ¥X[P(x) :7Q(x)]

(I-1)] F
{3-intro on (k) and (I-1)}

() 3 [P(x) : Q(x)]
- /

31




3 elimination

How do we use an existential quantification in a proof?

32



3 elimination

How do we use an existential quantification in a proof? ax [P(x) : Q)] &

= VX[P(X):7Q(X)]

32



3 elimination

How do we use an existential quantification in a proof? ax [P(x) : Q)] &

= VX[P(X):7Q(X)]

32



3 elimination

How do we use an existential quantification in a proof? ax [P(x) : Q)] &

Cn A

= VX[P(X):7Q(X)]

(k) 3x [P(x) : Q(x)]
1]
() Wx[P(x): 7Q(x)]

[ 1]
{3-elim on (k) and (1)}

\(m) _F /

3 (k<m,| <m)




3 elimination

How do we use an existential quantification in a proof? ax [P(x) : Q)] &

Cn A

= VX[P(X):7Q(X)]

(k) 3x [P(x) : Q(x)]
1]
() Wx[P(x): 7Q(x)]

[ 1]
{3-elim on (k) and (1)}

\(m) _F /

3 (k<m,| <m)




3 elimination

How do we use an existential quantification in a proof? ax [P(x) : Q)] &

Cn A

= VX[P(X):7Q(X)]

(k) 3x [P(x) : Q(x)]
1]
() Wx[P(x): 7Q(x)]

[ 1]
{3-elim on (k) and (1)}

\(m) _F /

3 (k<m,| <m)




Proofs with 3-introduction and 3-

elimination are unnecessarily long and
cumbersome...

33



Proofs with 3-introduction and 3-

elimination are unnecessarily long and
cumbersome...

33



Proving an existential
quantification

IX[x € Z :x3 - 2x - 8 =0]

34



Proving an existential
quantification

IX[x € Z :x3 - 2x - 8 =0]

Proof It suffices to find a witness, i.e., an xe Z satisfying

x3 -2x -8 =0.

X = 3 is a withess,since 3 €/ and33-2-3-8=13 =0

Conclusion: Ix[x € Z :x3 - 2x - 8 =0].

34



Proving an existential
quantification

IX[x € Z :x3 - 2x - 8 =0]

Proof It suffices to find a witness, i.e., an xe Z satisfying

x3 -2x -8 =0.

X = 3 is a withess,since 3 €/ and33-2-3-8=13 =0

Conclusion: Ix[x € Z :x3 - 2x - 8 =0].

34



Alternative 3 introduction

How do we prove an existential quantification?

35



Alternative 3 introduction

How do we prove an existential quantification?

by finding

a withess

35



Alternative 3 introduction

How do we prove an existential quantification?

by finding

/ \ a withess

(k) P(a)
() Q@)

{E.Iﬂ:-.intro on (k) and (1)}
(m)  3x [P(x) : Q(x)]
- /

¥ (k<m,l<m)




Alternative 3 introduction

How do we prove an existential quantification?

by finding

/ \ a withess

(k) P(a)
() Q@)

{E.Iﬂ:-.intro on (k) and (1)}
(m)  3x [P(x) : Q(x)]
- /

¥ (k<m,l<m)




Alternative 3 introduction

How do we prove an existential quantification?

by finding

/ \ a withess

(k) P(a)
() Q@)

{E.Iﬂ:-.intro on (k) and (1)}
(m)  3x [P(x) : Q(x)]
- /

¥ (k<m,l<m)




Alternative 3 introduction

How do we prove an existential quantification?

by finding

/ \ a withess

(k) P(a)
() Q@)

{E.Iﬂ:-.intro on (k) and (1)}
(m)  3x [P(x) : Q(x)]
o /

¥ (k<m,l<m)




Using an existential
quantification

IX[x e R:a-x<0<b-x]

36



Using an existential
quantification

IX[x e R:a-x<0<b-x]

4 N
We can declare an x € Z (a witness) such that

a-x<0<b-x
and use it further in the proof. For example:
From a - x <0, we get a < x.
From b - x > 0, we get x < b.

Hence,a < b.
_ y,
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