Linearizability via Order
Extension Theorems

a glimpse into foundational results

unpublished results and for
some open problems veritying linearizability
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Queue sequential specification (axiomatic)

S is a legal queue sequence
|ff
1. sis alegal pool sequence, anad
2. eng(x) <seng(y) A deg(y)es = deqg(x)es A deq(x) <s deqg(y)

Queue linearizability (axiomatic) Henzinger, Sezgin, Vafeiadis CONCUR13

h is queue linearizable
|ff
1. his pool linearizable, and
2. enq(x)@enq(y) A deg(y)eh = deg(X)eh A deq(y)deq(x)

precedence order
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Problems (stack)

Stack sequential specification (axiomatic)

S IS a legal stack sequence
|ff
1. sis alegal pool sequence, and

2. push(x) <s push(y) <s pop(x) = pop(y)es A pop(y) <s POP(X)

Stack linearizability (axiomatic)

h is stack linearizable : >‘ >‘ >
|ff : s =
1. his pool linearizable, and

2. push(x) <n push(y) <n pop(x) = pop(y) e h A pop(x) «n pop(y)

IIIIIIIIII
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Problems (stack)

Stack sequential specification (axiomatic)

S IS a legal stack sequence
|ff
1. sis alegal pool sequence, and

2. push(x) <s push(y) <s pop(x) = pop(y)es A pop(y) <s POP(X)

Stack linearizability (axiomatic)

h s stack |i

1. his pool i ble, and

2. push(

h POP(X) = pop(y) e h A pop(x) <n pop(y)

IIIIIIIIII
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Problems (stack)

not stack
linearizable

Stack linearizability (axiomatic)

h s stack ||

ble, and

1. his pool i
h pop(x) = pop(y) e h A pop(x) «n pop(y)

2. push(
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|_inearizability verification
oni

* signature 2 - set of method calls including data values sequences with
* seqguential specification S € 2%, prefix closed s

Seqguential specification via violations

iolatior clation Ich that s € S iff 8 has no violations
It is easy to find a large CV,

but difficult to find a small representative

Extract a set g ot

2s)nV=0

Linearizability ver rication

Find a set of violations CV such that: every interval order with no CV violations
extends to a total order with no V violations.

we build concurrent history

CV iteratively legal sequence
from V
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Pool without empty removals

Pool sequential specification (axiomatic)

s is a legal pool (without empty removals) sequence
iff V violations

1. rem(x)es = ins(x)es A ins(x)<s rem(x) rem(x) <s INs(x)

Pool linearizability (axiomatic)

h is pool (without empty removals) linearizable CV violations

|ff
1. rem(x)eh = ins(x)eh A rem(x) «n INS(X)

=V violations
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Queue without empty
removals

V violations
deq(x) <s enqg(x)
and
enqg(x) <s enqg(y) A
deq(y) <s deq(x)

Queue sequential specification (axiomatic)

s is a legal queue (without empty removals) sequence
|ff
1. deg(x)es = eng(x)es A enqg(x) <s deq(x)

2. enqg(x) <senqg(y) A deqg(y)es = deqgx)es A deq(x)<s deq(y)

Queue linearizability (axiomatic)

h is queue (without empty removals) linearizable
|ff
1. rem(x)eh = ins(x)eh A rem(x) «n INS(X)

CV violations

=V violations

2. eng(x) <neng(y) A dealy)eh = deqg(x)eh A deq(y) «n deq(x)
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P O O ‘ ini gzrc]:lttl?/e

violations

V violations
rem(x) <s iINs(x)

s a legal | (with t als) sequence and
s is a legal poo i(f¥v1 empty removals) sequ iNs(x) <s rem(L) <s rem(x)

Pool sequential specification (axiomatic)

1. rem(x)es = Iins(X)es A Ins(X) <s rem(x)

2. rem(L) <s rem(x) = rem(L) <s iNS(X) A ins(X) <s rem(L) = rem(x) <s rem(L)

Pool linearizability (axiomatic)

h is pool (with empty removals) linearizable
Iff
1. rem(x)eh = ins(x)eh A rem(x) «n iNns(X)

infinitely many CV violations

iNS(x1) <nh rem(L) A ins(X2) <h rem(x1) A ... A iNS(Xn+1) <h rem(xn) A rem(L) <n rem(Xn+1)
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V violations
rem(x) <s iNs(x)

inductive and
violations Q u e u e INS(X) <s rem(L) <s rem(x)

and
eng(x) <s enqg(y) A

infinite

Queue seqguential specification (axiomatic)

s is a legal queue (with empty removals) sequence deq(y) <s deq(x)
Iff

1. deg(x)es = enqg(x)es A eng(x) <s deq(x)

2. deqg(Ll) <s deqg(x) = deq(L) <s enqg(x) A eng(x) <s deg(L) = deq(x) <s deq(L)
3. eng(x) <senqg(y) A deg(y)es = deg(x)es A deq(x)<s deq(y)

Queue linearizability (axiomatic)
h is queue (with empty removals) linearizable
Iff
1. deg(x)eh = eng(x) eh A deqg(x) «n enq(x)

infinitely many CV violations

eng(x1) <n deq(L) A eng(x2) <n deq(x1) A ... A eng(Xn+1) <h deq(xn) A deq(L) <n deq(Xn+1)

3. eng(x) <neng(y) A deqg(ly)eh = deqg(x)eh A deq(y) «n deq(x)
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't works for

* Pool without empty removals

* Queue without empty removals

o . But not yet for Stack:
* Priority queue without empty removals nfinite CV violations

without clear

Inductive structure

e Pool

infinite

Inductive

Queue violations

Exploring the space of

o data structures
* Priority queue
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