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Categoricaltheory of state-based systems

categor ica l l y

system coalgebra

behavior-
preserving 

map

morphismof 

coalgebras

behavior
coinduction

(via final coalgebra)

in Sets: bisimilarity
in Kleisli: trace semantics

[Hasuo,Jacobs,Sokolova LMCS´07]



C = Sets, F = Pfin(Sx _)

F-coalgebra= LTS

coalgebra c: X ­ FX

states X = { 1,2,3,4}        labelsS= {a,b} 

transitions c(1)= {(a,2), (b,3)},   c(2) = ÅΣ Χ
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is everywhere

ωcomputer networks

ωmulti-core processors

ωmodular, component-based design of complex systems

is hard to get right

ωexponentially growing complexity

ωneed for a compositional verification



aids compositional 
verification

o bisimilarity
o trace equivalence
o ...

αōƛǎƛƳƛƭŀǊƛǘȅ ƛǎ ŀ 
ŎƻƴƎǊǳŜƴŎŜά



ÅFinal coalgebrasemanticsas
process semantics.

ÅCoalgebraiccompositionality

|| :  CoalgF x CoalgFĄ CoalgF
composing coalgebras/systems

|| : Z x Z  Ą Z
composing behavior



}¢ƘŜ ǎŀƳŜ άŀƭƎŜōǊŀƛŎ ǘƘŜƻǊȅέ

with

o operations   
binary ||

o equations
e.g. assoc. of ||

X 2 C



We name this principle the 
microcosm principle, after the 
theory, common in pre-modern 
correlative cosmologies, that 
every feature of the microcosm 
(e.g. the human soul) 
corresponds to some feature of 
the macrocosm. 

John Baez & James Dolan

Higher-Dimensional Algebra III: 

n-Categories and the Algebra of Opetopes

Adv. Math. 1998



inner depends onouter





microcosm for 
concurrency
(||   and || )

2-categorical formulation

for arbitrary 
algebraic 
theory

parallel 
composition

via syncnat. trans.



Parallel composition of coalgebras

via sync



Theorem

­ :  CoalgF x CoalgFĄCoalgF

­ :  Cx CĄC

liftingsyncX,Y:  FX ­ FY Ą F(X ­ Y)

Aim

bifunctorCoalgF x CoalgFĄCoalgF

usually denoted by­ (tensor)



­ on the base 
category

different 
sync

different 
­

syncX,Y:  FX ­ FY Ą F(X ­ Y)



}CSP-style (Hoare)  

}CCS-style (Milner)
Assuming

C = Sets, F = Pfin(Sx _)

F-coalgebra= LTS

x : Setsx Sets Ą Sets 

­ :  CoalgF x CoalgFĄCoalgF

lifting



|| άŎƻƳǇƻǎƛǘƛƻƴ ƻŦ ǎǘŀǘŜǎκbehaviorέ 

arises by coinduction

Aim



­ ||   

Theorem

­ :  CoalgF x CoalgFĄCoalgF

­ :  Cx CĄC

lifting

Assumptions: ­ , sync, final exists



associative

­  :  CoalgF x CoalgFĄCoalgF

associative

­ :  Cx CĄC

lifting



2-categorical formulation of

the microcosm principle



A Lawveretheory L is a small category

o with objects natural numbers 

o that has finite products



operations as arrows

equations as commuting diagrams

m (binary)
e (nullary)

assoc. of m
unit law 

other arrows:
o projections
o composed terms



a set with L-structure,  L-set

(product-preserving)

X 2 Cwhat about 
nested models?



o a categorywith L-structure,  L-category

(product-preserving)



Given an  L-category C,

an L-object X in it 
is a laxnatural transformation
compatible with products.

X : carrier obj.


