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A short review of coalgebra/coinduction

Theory of coalgebra
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Coalgebra example - LTS
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coalgebra c: X- FX
states X={1,2,3,4} labelsS={,b}

transitions ¢(1)={(a,2), (b,3)}, c(2F= X
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running C and D in parallel

wcomputer networks

wmulti-core processors
wmodular, componenbased design of complex systems

Concurrency

Ishard to get right

wexponentially growing complexity
wneed for a compositional verification
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Compositionality verification

Behavior of C || D

is determined by
behavior of C and behavior of D

Conventional presentation
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Compositionality in coalgebra
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composingcoalgebrasystems




Nested algebraic structures:
the microcosm principle
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We name this principle the
microcosm principle, after the | Jeen
theory, common in prenodern . g'.:,jff""'f{'fff’,';';,""’,i,v~v-;.:~.;_-;:-
correlative cosmologiethat rah R oot o ‘g
every feature of the microcosm
(e.g. the human soul)
corresponds to some feature of |
the macrocosm.

John Baez & James Dolan
HigherDimensional Algebra IlI: r
n-Categories and the Algebra ©petopes
Adv. Math. 1998




The microcosm principle:
you may have seen it

monoid in a monoidal category

monoidal cat. C monoid M € C
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Formalizing the microcosm principle

What do we mean by
“microcosm principle”?

mathematical definition of such nested models?

inner model

as lax natural trans.

algebraic theory outer model

as Lawvere theory as prod.-pres. functor



Outline

microcosm for
concurrency

( and )

parallel
composition
viasyncnat. trans.

generic
compositionality
theorem




Parallel composition otoalgebras
viasync

& Part 1




bifunctor Coalg x Coalg A Coalg\

—_usually denoted by (tensor)
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Parallel composition via sync

synGy: FX- FYA HX- YY)

onthe base
category




. Coalgx CoalgA Coalg

X . Setx SetsA Sets

Examples of
sync: FX QR FY 2 FXQ®Y)

1 CSPstyle (Hoare) a.P|a.Q - P|Q
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Inner composition
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Compositionality theorem

FX FY FX FY
beh( cl ®d ) = beh( c| ) ‘ beh( d| )
X Y X Y
for - by and | by

Coalgx CoalgA Coalg

. Assumptions: , sync, final eXists




Equational properties

associative

. Coalgx CoalgA Coalg

commutativity? '

| MCFX % F(Y ® Z) & F(X® (Y ®2Z)) Ilftlng
+id
L 2)

F with
“associative”

rx

sync

arbitrary algebraic
theory?
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for arbitrary

algebraic theory

2-categorical formulation of
the microcosm principle

.
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Lawvere theory L

a category representing an
algebraic theory

Definition

A Lawveretheory L is a small category
o Wwith objects natural numbers

o that has finite products




other arrows:

Lawvere theory o projections > Ty
o composed terms ?

m(m(my, T2), 73)
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Models for a Lawvere theory L

Standard: set-theoretic model

a set withL-structure, L-Sét
L X »Sets (productpreserving)
L %
Jm “:m] on X
1 X

g
what about X 2 (3
nested models?\ )
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Outer model: L-category

outer model
~outer model ] .

o a categorywith L-structure, L-category
C
L

(Clat) (productpreserving)

2 C2




Inner model: L-object

Given anlL-categoryC,

anlL-object X In It

IS alaxnatural transformation T
compatible with products.

components

XoX 2m x




