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ÿ
pi⇠i “ ⇠ ô @x P X. ⇠pxq “

ÿ
pi⇠ipxq

normed vector spaces over the scalar field R and morphisms are positive and
linear contractions between such spaces. The functor ∆ : Vec+

1
→ Sets which

acts on objects as

∆(V ) :=
{

x ∈ V | ∥x∥ ≤ 1, x ≥ 0
}

,

and on morphisms as restriction to ∆(V ), has a left adjoint. It turns out
that the algebraic category PCA is the category of Eilenberg-Moore algebras
of the monad induced by this adjunction, cf. [Pu84]. Moreover, the monad in
question is actually the discrete subprobability distribution monad, hence PCA

is the category of Eilenberg-Moore algebras of the subprobability distribution
monad [Do06, Do08].

Our aim in this paper is to achieve full understanding of the structure of
finitely generated algebras in CA (PCA and TCA). We manage this with Theorem
4.3 and 4.4 below, where we describe the congruences on any polytope in the
euclidean space Rn considered as a convex algebra.

It is simple to check that, for each n ∈ N+, the free algebra Fn in CA with n
generators is given by the standard (n−1)-simplex in Rn (a particular polytope).
For n = 3, we can picture this algebra as1

(1.1)

Clearly, knowing all congruences of the free algebras Fn, n ∈ N+, is enough to
understand all finitely generated algebras in CA. These results on CA can be
transferred to PCA and TCA. Therefore, we also achieve full understanding of
the structure of finitely generated positive convex or totally convex algebras.

Besides its obvious intrinsic interest, our motivation to investigate finitely
generated algebras in CA (PCA or TCA) originates in a categorical problem. The
probability subdistribution monad arising from the above mentioned adjunction,
including the functor ∆, and its Eilenberg-Moore algebras play a crucial role in
connection with the axiomatization of trace semantics for probabilistic systems
given in [SS11]. There the question arose whether or not each finitely generated
algebra in PCA is also finitely presentable. Using the newly established knowl-
edge about congruence relations, we can answer this question affirmatively, cf.
Corollary 5.3.

Historically, work on convex algebras can be traced back (at least) to [Se67].
The theory of totally convex algebras (and their analogues allowing infinitary op-
erations) started in [PR84], where they were realized to be the Eilenberg-Moore
algebras associated with the adjunction induced by the unit ball functor from the
category of Banach spaces (with linear contractions) to Sets. A similar treat-
ment of positive convex algebras was given shortly after in [Pu84]. Later on these
notions were extensively studied, mainly focussing on the categorical viewpoint

1Picture source: http://en.wikipedia.org/wiki/Simplex
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Probabilistic Automata

Can be given different semantics: 

1. Bisimilarity 
  

2. Convex bisimilarity 

3. Distribution bisimilarity

strong 
bisimilarity probabilistic / 

combined 
bisimilarity

belief-state 
bisimilarity
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Possible extensions        are: 

• the black-hole extension  

• * imitates a point  

• * imitates one of the extremal points  
on all other points, and adheres this point

Free convex algebras    

Ana Sokolova CALCO 14-6-17

X˚

px ` p1 ´ pq˚ “ ˚

s P S

w P X px ` p1 ´ pq˚ “ px ` p1 ´ pqw

px ` p1 ´ pq˚ “ px ` p1 ´ pqs, x ‰ s

ps ` p1 ´ pq˚ “ ˚these are all 
extensions!

carrier 
X˚ “ X ` 1 “ X Y t˚u

X “ DX



It’s time to terminate this talk..

X
cÑ FX

convexity is 
everywhere 

in probabilistic systems 
sematics

Thank You!
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next: algorithms 
for computing 

distribution 
bisimilarity


