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Milner’s expressions

P Q tr P tr Q
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Milner’s axioms plus  a. P Q a.P a.Q
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expressions, Kleene style theorem, sound and complete 
axiomatization for bisimilarity

(generic approach applicable to a large class of systems)

same expressions, one more axiom,
sound and complete for trace semantics

generic coalgebraic approach
applicable to PTS
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PTS here are generative, labelled, with explicit termination

X → Dω(1 +A×X) coalgebras on Sets

DωX µ:X 0, 1
x X

µ x 1, supp X is finite

Example: a, 12
����

a, 14
���

�

b, 13 �� c, 12��

1 �� 1��
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X
c
FXObjects: Arrows: X

c ��

h �� Y
d��

FX
Fh �� FY

Final coalgebra semantics:

X
c ��

! beh ����� ΩF

��
FX

F beh���� FΩF

bisimilarity in
              (for wpp functors)
trace semantics in
              (for      -coalgebras)
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Coalgebraic trace semantics [HJS’06/’07] applies to PTS

It instantiates to finite trace distribution:

tr x ε c x
tr x aw x X c x a, x tr x w

x1a, 12
�����

a, 14
�����

x2
b, 13 ��

x3
c, 12��

x4
1 ��

x5
1��

tr x1 ab
1

6

tr x1 ac
1

8

trace-map as final coalgebra map in 

tr :X D A in Sets
X
c ��

tr �� A
��

1 A X �� 1 A A

K� D
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Are the same ones as for bisimilarity    
  Silva, Bonchi, Bonsanque, Rutten ’09/’10

E ::
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Fi :: a E
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2
a µx.
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2
a x
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4
a µy.

1

3
a y
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carry a scalar
product

expressions behave! (Kleene-style theorem)
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p a p1E1 p2E2 p1 a pE1 p2 a pE2 D

trace

bisimilarity

E1 E2 E3 E1 E2 E3 A
E1 E2 E2 E1 C
E E E
µx.E E µx.E x FP
γ E x E µx.γ E UFP
µx.E µy.E y x if y is not free in E α equiv
E1 E2 E E1 x E E2 x Cong
0 E Z
p E p E p p E S



Example

Ana Sokolova Uni Salzburg MFPS 27.5.2011

a, 12
����

a, 14
���

�

b, 13 �� c, 12��

1 �� 1��

a, 12 ��
b, 13

����
c, 14
���

�

1 �� 1��



Example

Ana Sokolova Uni Salzburg MFPS 27.5.2011

a, 12
����

a, 14
���

�

b, 13 �� c, 12��

1 �� 1��

a, 12 ��
b, 13

����
c, 14
���

�

1 �� 1��

1

2
a

1

3
b 1

1

4
a

1

2
c 1

D 1

2
a

1

2

2

3
b 1

1

4
1 c 1

1

2
a

1

3
b 1

1

4
c 1



Example

Ana Sokolova Uni Salzburg MFPS 27.5.2011

a, 12
����

a, 14
���

�

b, 13 �� c, 12��

1 �� 1��

a, 12 ��
b, 13

����
c, 14
���

�

1 �� 1��

1

2
a

1

3
b 1

1

4
a

1

2
c 1

D 1

2
a

1

2

2

3
b 1

1

4
1 c 1

1

2
a

1

3
b 1

1

4
c 1

1

3
b 1

1

2

2

3
b 1 ,

1

2
c 1

1

2
1 c 1



Soundness and 
Completeness

Ana Sokolova Uni Salzburg MFPS 27.5.2011

Find an injective map  with  out tr out



Soundness and 
Completeness

Ana Sokolova Uni Salzburg MFPS 27.5.2011

Find an injective map  with  out tr out

canonical map to
 - classes



Soundness and 
Completeness

Ana Sokolova Uni Salzburg MFPS 27.5.2011

Find an injective map  with  

Soundness

E1 E2

E1 E2

out E1 out E2
�

tr E1 tr E2

Completeness
tr E1 tr E2

�
out E1 out E2

♥
E1 E2

E1 E2

out tr out

canonical map to
 - classes



Soundness and 
Completeness

Ana Sokolova Uni Salzburg MFPS 27.5.2011

Find an injective map  with  

Soundness

E1 E2

E1 E2

out E1 out E2
�

tr E1 tr E2

Completeness
tr E1 tr E2

�
out E1 out E2

♥
E1 E2

E1 E2

out tr out

canonical map to
 - classes

- existence of out � -  tr out ♥ - injectivity  
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Silva et al. ’08/’09/’10, Jacobs’06 there are also
algebras around



It is tough to work in Kleisli categories

Factorization ? 

So we find a way to stay in
or rather in

A way out - determinization    

A way out for traces?
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Ĝe �� �� ĜI �� Ĝm ��
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e
�� �� I

dI

��

��
m

��
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e
�� �� I

dI

��

��
m

��
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sound and complete axiomatization 
of traces for PTS

bisimilarity expressions and axioms plus one new axiom

Thank you !


