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Has no fixpoint characterisation, or other general properties ?

The ε-distance is defined by dε (s,t) = inf { ε  | s ~ε t }



ε-simulation, ε-bisimulation example

33:2 Á-Distance via Lévy-Prokhorov Lifting

the di�erences on these values was a natural way of defining a pseudometric [22, 24]. It was
already observed that this distance was the greatest fixpoint of some functional but, later on,
it was proven that this gives a functor (monad) that is a lifting of the distribution functor
(monad) using the Kantorovich metric. Moreover, the distance is the one obtained using final
coalgebra semantics [53]. Since then, this pseudometric has been studied more and algorithms
have been proposed to compute it. It comes with many theoretical and motivating results,
and has also been extended to a generic Kantorovich-style (and dually Wasserstein) lifting
of arbitrary functors parametric in certain evaluation maps [8]–the two liftings coincide on
distributions. To our knowledge, no other such “basic” distance on probability distributions
has been lifted to transition systems in a careful categorical way.

With all these seals of approval, the Kantorovich distance has imposed itself as the one to
study. One aspect that it lacks though is an intuitive accompanying notion of approximate
bisimulation.

Approximate bisimulations provide another strategy to circumvent the non robustness of
bisimulation equivalences. They have been studied in non-probabilistic systems [55, 28], and
in probabilistic systems [25, 47, 26, 1, 2, 9, 46]. We focus on the notion of Á-bisimulation
defined in [25]. One aim of such approximate bisimulations is to unite the best of both
worlds: give a relational structure for reasoning about systems and at the same time define a
distance. States related by an Á-bisimulation are at distance at most Á from one another. The
advantages of such a distance are its intuitive nature and its ability to relate systems that
are almost the same in structure, as the next example will illustrate. Finally, the distance
can be computed relatively easily.

For comparison with the Kantorovich behavioural distance, consider the imperfect channel
(when Á > 0) depicted in Figure 1. The Á-distance of this channel to a perfect channel

cÁ

send [1≠Á]

(( 1

ack[1]

ii

Figure 1 A simple channel that fails to
send a token with probability Á

(one with Á = 0) is Á, and it provides a simple ex-
ample that imperfect implementation can be con-
sidered close to its specification. On the other
hand, the Kantorovich distance (without discount)
gives distance 1 to the pair of perfect and imper-
fect channels, which reflects the fact that the two
channels have a very di�erent behavior on the long
run–see Example 1 for more details. Interestingly,
Á-distance has an almost build-in notion of continu-

ity: Two channels with close values of Á are close in the Á-distance as well.
However, the approximate equivalences had no categorical formulation attached and it was

not clear whether the associated distance shares some of the generic good properties identified
for the Kantorovich metric. Our main motivation for this work was to investigate whether
we can remedy this situation. Indeed, we provide the missing abstract characterization of
Á-bisimulation in two directions: by obtaining a fixpoint characterization of the induced
distance and by giving a coalgebraic view following Aczel-Mendler coalgebraic bisimilarity.
The fixpoint characterization is the main result of the paper. For this, we show how to replace
the Kantorovich pseudometric on distributions with the Lévy-Prokhorov pseudometric on
distributions, and show that the distance obtained is indeed the Á-bisimulation pseudometric.
It is remarkable how well the Lévy-Prokhorov distance fits into the definition of Á-bisimulation:
We show that the distance is the greatest fixpoint of a suitable functional, and that the lifting
also lifts the discrete distributions functor to a functor on pseudo-metric spaces. Applications
of this result may take di�erent routes: On the practical side, the distance could be computed
by an iterative algorithm given a suitable fixpoint theorem. On the theoretical side, the
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distance. States related by an Á-bisimulation are at distance at most Á from one another. The
advantages of such a distance are its intuitive nature and its ability to relate systems that
are almost the same in structure, as the next example will illustrate. Finally, the distance
can be computed relatively easily.

For comparison with the Kantorovich behavioural distance, consider the imperfect channel
(when Á > 0) depicted in Figure 1. The Á-distance of this channel to a perfect channel
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Figure 1 A simple channel that fails to
send a token with probability Á

(one with Á = 0) is Á, and it provides a simple ex-
ample that imperfect implementation can be con-
sidered close to its specification. On the other
hand, the Kantorovich distance (without discount)
gives distance 1 to the pair of perfect and imper-
fect channels, which reflects the fact that the two
channels have a very di�erent behavior on the long
run–see Example 1 for more details. Interestingly,
Á-distance has an almost build-in notion of continu-

ity: Two channels with close values of Á are close in the Á-distance as well.
However, the approximate equivalences had no categorical formulation attached and it was

not clear whether the associated distance shares some of the generic good properties identified
for the Kantorovich metric. Our main motivation for this work was to investigate whether
we can remedy this situation. Indeed, we provide the missing abstract characterization of
Á-bisimulation in two directions: by obtaining a fixpoint characterization of the induced
distance and by giving a coalgebraic view following Aczel-Mendler coalgebraic bisimilarity.
The fixpoint characterization is the main result of the paper. For this, we show how to replace
the Kantorovich pseudometric on distributions with the Lévy-Prokhorov pseudometric on
distributions, and show that the distance obtained is indeed the Á-bisimulation pseudometric.
It is remarkable how well the Lévy-Prokhorov distance fits into the definition of Á-bisimulation:
We show that the distance is the greatest fixpoint of a suitable functional, and that the lifting
also lifts the discrete distributions functor to a functor on pseudo-metric spaces. Applications
of this result may take di�erent routes: On the practical side, the distance could be computed
by an iterative algorithm given a suitable fixpoint theorem. On the theoretical side, the
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I Remark 6. Another natural property that one could expect from such a distance ”d is that
the distance between the Dirac distributions on states is the same as the starting distance
between them. That is, for a distance d on states, one might expect

d(s, t) = ”d(1s, 1t), for s, t œ S, (5)

where we write 1s for the Dirac distribution on s œ S. This is an interesting property of the
distance ”d (and not really of the wanted d†), it is a stronger version of the non-expansiveness
of the unit of the distribution monad, showing that the unit is an isometry, which we discuss
in more detail in Section 3.4 below. Note that, combining it with Equation (2), this condition
implies that a pair of states sÕ, tÕ each having a single outgoing transition as a Dirac on state
s and t respectively, would get the same distance as s and t. In particular, a distance that
discounts the future would rather satisfy d(s, t) Ø ”d(1s, 1t).

3.1 The distance on distributions

While examining equation (3) and trying to make dú fit into it as d† we came up with the
following distance on distributions. Only afterwards, we discovered that this distance was
actually known.

I Definition 7 (Lévy-Prokhorov distance [42]). Let ÈS, dÍ be a metric space ; we endow DS
with the pseudo-metric ”d

LP : DS ◊ DS æ [0, 1], defined as

”d
LP (µ0, µ1) = inf{Á | ’X ™ S : µi(X) Æ µ1≠i(Xd

Á ) + Á, for i = 0, 1},

where Xd
Á = {y | ÷x œ X : d(x, y) < Á}.

We call ”d
LP the Lévy-Prokhorov (LP, for short) distance.

In the following example we define simple probability measures that help illustrate the
need for the extra “+ Á” in this definition and the need for the “Á ball around X”. At first
sight, ”d

LP looks very much like the total variation distance, but this “Á ball around X” makes
it very di�erent.

I Example 8. Consider the set of states S = {x“ | “ œ [0, 1]} and a distance on these states
given by d(x“ , x›) = |“ ≠ ›|, for “, › œ [0, 1]. In a probabilistic transition system, one could
imagine that x“ has an a-loop to itself with probability 1 ≠ “, “ œ [0, 1], as depicted below
(adding transitions out of the states to help see their di�erences as processes in a transition
system). We now define a (family of) distribution on these states, and we picture them
below as states with an outgoing transition without label (one could imagine an a-label).
Let ‹“ = “1x1 + (1 ≠ “)1x“ , for “ œ [0, 1

2
), where 1x denotes here the Dirac measure on x.

The distributions ‹“ and ‹0 are illustrated below. For a fixed “, these two distributions are
actually non zero on a three state space SÕ = {x0, x1, x“} .

‹“

“

✏✏

1≠“
// x“ a,1≠“
zz

‹0
1

// x0 a,1
zz

x1

We show that ”d
LP (‹“ , ‹0) = “. Let 1 ≠ “ > Á > “ (because balls are open). We show

that all such Á satisfy the inequalities in the definition of ”d
LP , so the distance, being the

infimum over all such values, is indeed “. In particular, we need to check that for all X ™ S,
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Starting from a metric space (S,d), it gives a distance on DS by

Lévy-Prokhorov lifting
S→ (D S)A
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I Remark 6. Another natural property that one could expect from such a distance ”d is that
the distance between the Dirac distributions on states is the same as the starting distance
between them. That is, for a distance d on states, one might expect

d(s, t) = ”d(1s, 1t), for s, t œ S, (5)

where we write 1s for the Dirac distribution on s œ S. This is an interesting property of the
distance ”d (and not really of the wanted d†), it is a stronger version of the non-expansiveness
of the unit of the distribution monad, showing that the unit is an isometry, which we discuss
in more detail in Section 3.4 below. Note that, combining it with Equation (2), this condition
implies that a pair of states sÕ, tÕ each having a single outgoing transition as a Dirac on state
s and t respectively, would get the same distance as s and t. In particular, a distance that
discounts the future would rather satisfy d(s, t) Ø ”d(1s, 1t).

3.1 The distance on distributions

While examining equation (3) and trying to make dú fit into it as d† we came up with the
following distance on distributions. Only afterwards, we discovered that this distance was
actually known.

I Definition 7 (Lévy-Prokhorov distance [42]). Let ÈS, dÍ be a metric space ; we endow DS
with the pseudo-metric ”d

LP : DS ◊ DS æ [0, 1], defined as
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LP (µ0, µ1) = inf{Á | ’X ™ S : µi(X) Æ µ1≠i(Xd

Á ) + Á, for i = 0, 1},

where Xd
Á = {y | ÷x œ X : d(x, y) < Á}.

We call ”d
LP the Lévy-Prokhorov (LP, for short) distance.

In the following example we define simple probability measures that help illustrate the
need for the extra “+ Á” in this definition and the need for the “Á ball around X”. At first
sight, ”d

LP looks very much like the total variation distance, but this “Á ball around X” makes
it very di�erent.

I Example 8. Consider the set of states S = {x“ | “ œ [0, 1]} and a distance on these states
given by d(x“ , x›) = |“ ≠ ›|, for “, › œ [0, 1]. In a probabilistic transition system, one could
imagine that x“ has an a-loop to itself with probability 1 ≠ “, “ œ [0, 1], as depicted below
(adding transitions out of the states to help see their di�erences as processes in a transition
system). We now define a (family of) distribution on these states, and we picture them
below as states with an outgoing transition without label (one could imagine an a-label).
Let ‹“ = “1x1 + (1 ≠ “)1x“ , for “ œ [0, 1

2
), where 1x denotes here the Dirac measure on x.

The distributions ‹“ and ‹0 are illustrated below. For a fixed “, these two distributions are
actually non zero on a three state space SÕ = {x0, x1, x“} .

‹“

“

✏✏

1≠“
// x“ a,1≠“
zz

‹0
1

// x0 a,1
zz

x1

We show that ”d
LP (‹“ , ‹0) = “. Let 1 ≠ “ > Á > “ (because balls are open). We show

that all such Á satisfy the inequalities in the definition of ”d
LP , so the distance, being the

infimum over all such values, is indeed “. In particular, we need to check that for all X ™ S,
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Recall bisimulation for PTS (one label)
S→ D S

BX Y

D X

dc

π1 π2
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S→ D S
BX Y

D X

dc

π1 π2

D YD B

ε-Bisimulation in a diagram

⊑⊑ε⊒

with: 𝜑 ⊑ε 𝜓  iff for all A ⊆ B, 𝜑(A) ≤ 𝜓(A) + ε

ε⊒



S→ FS
BX Y

FX

dc

π1 π2

FYFB

ε-Bisimulation for F-coalgebras

⊑ε⊒

as long as F comes with a suitable order

this enables new definition of approximate bisimulations for other types of systems

⊑ε⊒
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Two states s and t are trace equivalent, notation   s = tr t  ,  if and only if they have the same trace: 


             s = tr t   ⟺  trace (s)  = trace (t)

Axiomatization of finite trace equivalence (coalgebraically): Silva & S. ‘11
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in formal methods 
origins in fractal theory
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a b

There are different ways to represent this as a coalgebra D≤ S → GD≤ S  

1. Every coalgebra c: S→ D (A x S) 
determinizes to c#: DS→ GDS


2. Prob(Aω) carries the final  
G-coalgebra 
 
Prob(Aω) → G Prob(Aω)


3. Infinite trace equivalence 
is the final coalgebra semantics
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The functor G

First functor on Convex Algebras:


                      X⊥ = {⊥} ⋃ {r ∙ x | r ∊ (0,1], x ∊ X} adds a free generator to X

Now G is just an exponent:


                      GX = { f : A → X⊥ | f(a) = ra ∙ x, ∑a∊A ra = 1 }

convention: ⊥ = 0 ∙ - 

Proof obligations: 


                     G is finitary, preserves surjective homomorphisms,… is proper ! 
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Properness

X = Z0

f1

Z2n = Y

f2n

Z3Z1

Z2

f2 f3

Z2n-1

f2n-1

Z2n-2

…

A zigzag is a diagram in F-coalgebras over convex algebras (D - algebras) of the form:

It relates x ∊X and y ∊Y, denoted x ~ y,  if there exist z2k∊ Z2k, for k = 1,.., n-1 with z0 = x, z2n =y,                                               
                                              f2k-1( z2(k-1) ) = f2k( z2k )

F is proper if whenever X and Y have free fg carriers, and x ~ y, then  there is a zigzag whose  
all nodes have free fg carriers. 

For the upper nodes, it suffices to be fg. 
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Bisimilarity gives the zigzag
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Thank You !
Strong foundations enhance developments in formal methods.


Coalgebraic generalisations may give strong foundations.


Two recent cases in favour of bisimilarity. 



