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CA = convex algebras

Variety of algebras of type

two axioms

For instance, if d = n = 3 and a, u1, u2, u3 again as in (2.1), we obtain a
regular octahedron with center at the origin.3

(2.2)

Polytopes can be defined in several equivalent ways. The definition used in
[Grü03] is presented in the next lemma. The fact that this definition is equivalent
to the one above, i.e., the proof of the lemma is, in essence, a consequence of
the Krĕın-Milman theorem; we skip the details.

Lemma 2.10. A subset K ⊆ Rn is a polytope if and only if K is compact,
convex, and the set extK of its extremal points is finite.

Note that if K is a polytope and K = coY for some finite set Y , then
extK ⊆ Y and K = co(extK).

Remark 2.11. The mentioned concrete examples, the simplex (2.1) and the
octahedron (2.2), are of particular interest in the present context. They are
the free algebras with 3 generators in the equational classes PCA and TCA,
respectively (similarly as the standard simplex (1.1) is in CA). This fact (of
course for dimension n instead of 3), together with the results of Section 3 below,
shows that understanding polytopes as convex algebras suffices to understand
all finitely generated algebras in CA, PCA, and TCA.

3 The equational classes CA, PCA, and TCA

In this section we investigate the three convexity theories of convex, positive
convex, and totally convex algebras and their induced equational classes. To
start with, let us recall the definitions.

Definition 3.1. A convex algebra is an algebra (with nonempty carrier set) of
type

Tca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+, p1, . . . , pn ≥ 0,

n
∑

i=1

pi = 1
}

,

which satisfies (we denote by f(pi)ni=1
, (pi)ni=1 ∈ Tca, the operations of the alge-

bra)

(1) The projection axiom:

f(δij)ni=1
(x1, . . . , xn) = xj , n ∈ N+, j = 1, . . . , n,

where δij denotes the Kronecker-delta

δij :=

{

1 , i = j

0 , i $= j

3Picture source: http://en.wikipedia.org/wiki/Octahedron
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(2) The baricenter axiom:

f(pi)ni=1

(

f(p1j)mj=1
(x1, . . . , xm), . . . , f(pnj)mj=1

(x1, . . . , xm)
)

=

= f(∑n
i=1 pipij)mj=1

(x1, . . . , xm),

whenever n,m ∈ N+, (pi)ni=1 ∈ Tca, and (pij)mj=1 ∈ Tca, i = 1, . . . , n.

The operation appearing on the right hand side of the baricenter axiom is well-
defined since

m
∑

j=1

( n
∑

i=1

pipij
)

=
n
∑

i=1

pi
( m
∑

j=1

pij
)

, (3.1)

and hence (
∑n

i=1 pipij)
m
j=1 ∈ Tca.

By CA we denote the equational class of convex algebras.

Definition 3.2. A positive convex algebra is an algebra (with nonempty carrier
set) of type

Tpca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+, p1, . . . , pn ≥ 0,

n
∑

i=1

pi ≤ 1
}

,

which satisfies the projection axiom and the baricenter axiom, where in the
latter (pi)ni=1 and (pij)mj=1 vary through Tpca.

We denote the equational class of all positive convex algebras as PCA.

Definition 3.3. A totally convex algebra is an algebra (with nonempty carrier
set) of type

Ttca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+,

n
∑

i=1

|pi| ≤ 1
}

,

which satisfies the projection axiom and the baricenter axiom, where in the
latter (pi)ni=1 and (pij)mj=1 vary through Ttca.

We denote the equational class of all positive convex algebras as TCA.

Note that, again because of (3.1), the operation appearing on the right hand
side of the baricenter axiom is always well-defined, i.e., is of type Tpca or Ttca,
respectively (to see this for Ttca, use the triangle inequality).

It is obvious that each positive convex algebra can be considered as a convex
algebra. To be precise, if 〈P, (fγ)γ∈Tpca〉 is a positive convex algebra, then
〈P, (fγ)γ∈Tca〉 is a convex algebra. Similarly: If 〈P, (fγ)γ∈Ttca〉 is a totally
convex algebra, then 〈P, (fγ)γ∈Tpca〉 is a positive convex algebra, and in turn
〈P, (fγ)γ∈Tca〉 is a convex algebra. Due to this fact, many results can immedi-
ately be transferred from CA to PCA and TCA.

Another interesting fact, which we shall explain in the sequel, is that CA and
PCA are essentially the same from an algebraic viewpoint, whereas TCA carries
more structure than CA (compare Proposition 3.6 with Proposition 3.8 below).

When working with algebras of one of the types Tca, Tpca, or Ttca, it is
practical (and customary) to write operations as formal sums and/or to use
vector notation:

f(pi)ni=1
(x1, . . . , xn) =

n
∑

i=1

pixi = (p1, . . . , pn)






x1
...
xn




 .
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(2) The baricenter axiom:

f(pi)ni=1

(

f(p1j)mj=1
(x1, . . . , xm), . . . , f(pnj)mj=1

(x1, . . . , xm)
)

=

= f(∑n
i=1 pipij)mj=1

(x1, . . . , xm),

whenever n,m ∈ N+, (pi)ni=1 ∈ Tca, and (pij)mj=1 ∈ Tca, i = 1, . . . , n.

The operation appearing on the right hand side of the baricenter axiom is well-
defined since

m
∑

j=1

( n
∑

i=1

pipij
)

=
n
∑

i=1

pi
( m
∑

j=1

pij
)

, (3.1)

and hence (
∑n

i=1 pipij)
m
j=1 ∈ Tca.

By CA we denote the equational class of convex algebras.

Definition 3.2. A positive convex algebra is an algebra (with nonempty carrier
set) of type

Tpca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+, p1, . . . , pn ≥ 0,

n
∑

i=1

pi ≤ 1
}

,

which satisfies the projection axiom and the baricenter axiom, where in the
latter (pi)ni=1 and (pij)mj=1 vary through Tpca.

We denote the equational class of all positive convex algebras as PCA.

Definition 3.3. A totally convex algebra is an algebra (with nonempty carrier
set) of type

Ttca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+,

n
∑

i=1

|pi| ≤ 1
}

,

which satisfies the projection axiom and the baricenter axiom, where in the
latter (pi)ni=1 and (pij)mj=1 vary through Ttca.

We denote the equational class of all positive convex algebras as TCA.

Note that, again because of (3.1), the operation appearing on the right hand
side of the baricenter axiom is always well-defined, i.e., is of type Tpca or Ttca,
respectively (to see this for Ttca, use the triangle inequality).

It is obvious that each positive convex algebra can be considered as a convex
algebra. To be precise, if 〈P, (fγ)γ∈Tpca〉 is a positive convex algebra, then
〈P, (fγ)γ∈Tca〉 is a convex algebra. Similarly: If 〈P, (fγ)γ∈Ttca〉 is a totally
convex algebra, then 〈P, (fγ)γ∈Tpca〉 is a positive convex algebra, and in turn
〈P, (fγ)γ∈Tca〉 is a convex algebra. Due to this fact, many results can immedi-
ately be transferred from CA to PCA and TCA.

Another interesting fact, which we shall explain in the sequel, is that CA and
PCA are essentially the same from an algebraic viewpoint, whereas TCA carries
more structure than CA (compare Proposition 3.6 with Proposition 3.8 below).

When working with algebras of one of the types Tca, Tpca, or Ttca, it is
practical (and customary) to write operations as formal sums and/or to use
vector notation:

f(pi)ni=1
(x1, . . . , xn) =

n
∑

i=1

pixi = (p1, . . . , pn)






x1
...
xn




 .
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(x1, . . . , xm)
)

=

= f(∑n
i=1 pipij)mj=1

(x1, . . . , xm),

whenever n,m ∈ N+, (pi)ni=1 ∈ Tca, and (pij)mj=1 ∈ Tca, i = 1, . . . , n.

The operation appearing on the right hand side of the baricenter axiom is well-
defined since

m
∑

j=1

( n
∑

i=1

pipij
)

=
n
∑

i=1

pi
( m
∑

j=1

pij
)

, (3.1)

and hence (
∑n

i=1 pipij)
m
j=1 ∈ Tca.

By CA we denote the equational class of convex algebras.

Definition 3.2. A positive convex algebra is an algebra (with nonempty carrier
set) of type

Tpca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+, p1, . . . , pn ≥ 0,

n
∑

i=1

pi ≤ 1
}

,

which satisfies the projection axiom and the baricenter axiom, where in the
latter (pi)ni=1 and (pij)mj=1 vary through Tpca.

We denote the equational class of all positive convex algebras as PCA.

Definition 3.3. A totally convex algebra is an algebra (with nonempty carrier
set) of type

Ttca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+,

n
∑

i=1

|pi| ≤ 1
}

,

which satisfies the projection axiom and the baricenter axiom, where in the
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We denote the equational class of all positive convex algebras as TCA.

Note that, again because of (3.1), the operation appearing on the right hand
side of the baricenter axiom is always well-defined, i.e., is of type Tpca or Ttca,
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〈P, (fγ)γ∈Tca〉 is a convex algebra. Similarly: If 〈P, (fγ)γ∈Ttca〉 is a totally
convex algebra, then 〈P, (fγ)γ∈Tpca〉 is a positive convex algebra, and in turn
〈P, (fγ)γ∈Tca〉 is a convex algebra. Due to this fact, many results can immedi-
ately be transferred from CA to PCA and TCA.

Another interesting fact, which we shall explain in the sequel, is that CA and
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When working with algebras of one of the types Tca, Tpca, or Ttca, it is
practical (and customary) to write operations as formal sums and/or to use
vector notation:

f(pi)ni=1
(x1, . . . , xn) =

n
∑

i=1

pixi = (p1, . . . , pn)






x1
...
xn




 .
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(x1, . . . , xn) = xj , n ∈ N+, j = 1, . . . , n,
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CA TCAPCA

normed vector spaces over the scalar field R and morphisms are positive and
linear contractions between such spaces. The functor ∆ : Vec+

1
→ Sets which

acts on objects as

∆(V ) :=
{

x ∈ V | ‖x‖ ≤ 1, x ≥ 0
}

,

and on morphisms as restriction to ∆(V ), has a left adjoint. It turns out
that the algebraic category PCA is the category of Eilenberg-Moore algebras
of the monad induced by this adjunction, cf. [Pu84]. Moreover, the monad in
question is actually the discrete subprobability distribution monad, hence PCA

is the category of Eilenberg-Moore algebras of the subprobability distribution
monad [Do06, Do08].

Our aim in this paper is to achieve full understanding of the structure of
finitely generated algebras in CA (PCA and TCA). We manage this with Theorem
4.3 and 4.4 below, where we describe the congruences on any polytope in the
euclidean space Rn considered as a convex algebra.

It is simple to check that, for each n ∈ N+, the free algebra Fn in CA with n
generators is given by the standard (n−1)-simplex in Rn (a particular polytope).
For n = 3, we can picture this algebra as1

(1.1)

Clearly, knowing all congruences of the free algebras Fn, n ∈ N+, is enough to
understand all finitely generated algebras in CA. These results on CA can be
transferred to PCA and TCA. Therefore, we also achieve full understanding of
the structure of finitely generated positive convex or totally convex algebras.

Besides its obvious intrinsic interest, our motivation to investigate finitely
generated algebras in CA (PCA or TCA) originates in a categorical problem. The
probability subdistribution monad arising from the above mentioned adjunction,
including the functor ∆, and its Eilenberg-Moore algebras play a crucial role in
connection with the axiomatization of trace semantics for probabilistic systems
given in [SS11]. There the question arose whether or not each finitely generated
algebra in PCA is also finitely presentable. Using the newly established knowl-
edge about congruence relations, we can answer this question affirmatively, cf.
Corollary 5.3.

Historically, work on convex algebras can be traced back (at least) to [Se67].
The theory of totally convex algebras (and their analogues allowing infinitary op-
erations) started in [PR84], where they were realized to be the Eilenberg-Moore
algebras associated with the adjunction induced by the unit ball functor from the
category of Banach spaces (with linear contractions) to Sets. A similar treat-
ment of positive convex algebras was given shortly after in [Pu84]. Later on these
notions were extensively studied, mainly focussing on the categorical viewpoint
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[Grü03] is presented in the next lemma. The fact that this definition is equivalent
to the one above, i.e., the proof of the lemma is, in essence, a consequence of
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K = co (ext K)

Every polytope is a CA/PCA 

An equivalence on K is a CA/PCA congruence iff it is a 
convex set (in Rn x Rn)
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Convex sets are mapped by linear functions to convex sets. The following
simple property shows that convexity is the same as being closed under arbitrary
convex linear combinations.

Lemma 2.2. Let C be a subset of a vector space V over R. Then C is convex
if and only if

n
∑

i=1

pixi ∈ C

for all n ∈ N+, all xi ∈ C, and all pi ∈ [0, 1] with i = 1, . . . , n such that
∑n

i=1 pi = 1.

Proof. It is clear that being closed under convex linear combinations implies
convexity. The other direction is proved by induction. Let C be a convex subset
and let xi ∈ C, pi ∈ [0, 1], for i = 1, . . . , n be given such that

∑n
i=1 pi = 1. If

n = 1 or pi = 1 for some i, the statement is trivial. If n = 2, the statement
holds by convexity. Assume that n > 2, p1 "= 1, and the statement holds for
n− 1. Then

n
∑

i=1

pixi = p1x1 + (1− p1) ·
n
∑

i=2

pi
1− p1

xi

and
∑n

i=2
pi

1−p1
= 1. Hence, from the inductive hypothesis

∑n
i=2

pi

1−p1
xi ∈ C

and by convexity also
∑n

i=1 pixi ∈ C.

The following subsets, associated with a finite subset Y of V , play an important
role:

spanY :=
{ ∑

y∈Y

λyy | λy ∈ R
}

,

dirY :=
{ ∑

y∈Y

λyy | λy ∈ R,
∑

y∈Y

λy = 0
}

,

aff Y :=
{ ∑

y∈Y

λyy | λy ∈ R,
∑

y∈Y

λy = 1
}

,

coY :=
{ ∑

y∈Y

λyy | λy ∈ [0, 1],
∑

y∈Y

λy = 1
}

,

c̆oY :=
{ ∑

y∈Y

λyy | λy ∈ (0, 1],
∑

y∈Y

λy = 1
}

.

We refer to coY as the closed convex hull of Y and c̆oY as the open convex hull
or the interior of coY . We will see later that this choice of terminology is indeed
justified, cf. Lemma 2.5. The linear span spanY is the smallest vector subspace
that contains Y . Moreover, we refer to aff Y as the affine space generated by
Y and dirY as the directions of aff Y . Note that dirY is a vector subspace.
Clearly, for each finite set Y ,

c̆oY ⊆ coY ⊆ aff Y ⊆ spanY and dirY ⊆ spanY.

If Y contains only one element, then c̆oY = coY = aff Y = Y and dirY = {0}.
If |Y | ≥ 2, then c̆oY ⊂ coY ⊂ aff Y and dirY "= {0}.

First, some simple geometric properties of these sets.

4

convex hull
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Y = {0,1}, K = co Y in R  

K has exactly 5 congruences:

Remark 4.5. Note that for any semi-lattice congruence ∼ with largest ele-
ment in every class (as in Theorem 4.4) there is at least one possible choice
for the assignment ϕ in Theorem 4.4, namely ϕ(Y (C)) = dirY (C) satisfies all
conditions.

We do not have a simple description of all semi-lattices congruences which
are admissible in the sense of Theorem 4.4. However, some examples are easily
obtained. Let K ⊆ Rn, |K| > 1, be a polytope, and let Y0 ⊆ extK. Define an
equivalence relation ∼ on VK by specifying its equivalence classes to be

Cy :=
{

{y}
}

, y ∈ Y0, C0 := VK \
⋃

y∈Y0

Cy .

Clearly, each of these classes contains a largest element Y (C) (for C0 it is Y (C0) =
extK), and it is straightforward to verify that ∼ is a congruence of the join-
semilattice VK .

In order to illustrate these results, let us consider a (toy) example.

Example 4.6. Let Y := {0, 1} and K := coY in R. Then K = [0, 1] and K
is in CA. We will show, using Theorem 4.3 and Theorem 4.4, that there are
exactly five CA-congruences on K. These are:

Θ1 = ∆

Θ2 = {(0, 0), (1, 1)} ∪ (0, 1)× (0, 1)

Θ3 = {(0, 0)} ∪ (0, 1]× (0, 1]

Θ4 = [0, 1)× [0, 1) ∪ {(1, 1)}, and

Θ5 = [0, 1]× [0, 1].

We have VK = {{0}, {1}, {0, 1}}. To ease the notation we write

0 = {0}, 1 = {1}, 01 = {0, 1},

hence VK = {0,1,01}. Next we list all join-semilattice congruences of VK with
the property that each class has a largest element. There are four such, given
by their partitions:

VK/ ∼1 = {{0}, {1}, {01}}

VK/ ∼2 = {{0}, {1,01}}

VK/ ∼3 = {{1}, {0,01}}

VK/ ∼4 = {{0,1,01}}.

Note that R has only two vector subspaces, the trivial ones, SubR = {0,R}.
Furthermore, dir0 = 0, dir1 = 0, and dir01 = R.

For each of the join-semilattice congruences we need to consider all monotone
maps ϕ mapping the largest elements of each class to SubR and satisfying the
conditions ϕ(Y (C)) ⊆ dirY (C) and

[

c̆oY + ϕ(Y (C))
]

∩ c̆oY (C) '= ∅ for Y ∈ C.
Consider ∼1= ∆. The second condition here is always satisfied, and the

first implies that ϕ(0) = 0 and ϕ(1) = 0. Hence, there are two possibilities for
defining ϕ, namely

ϕ1 = (0 )→ 0,1 )→ 0,01 )→ 0) and ϕ2 = (0 )→ 0,1 )→ 0,01 )→ R) .

21
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(xi, x′
i) ∈ Θ, i = 1, . . . , n, be given. Using the notation (3.8), we obtain from

(3.6) that

f̄(pi)ni=1
(x1, . . . , xn) = f(p+

1 ,...,p+
n ,p−

1 ,...,p−

n )(x1, . . . , xn,ωx1, . . . ,ωxn).

The same equation holds for x′
i instead of xi. Since Θ is a PCA-congruence,

xiΘx′
i, and ωxiΘωx′

i by the assumptions, we see that indeed

f̄(pi)ni=1
(x1, . . . , xn)Θ f̄(pi)ni=1

(x′
1, . . . , x

′
n) .

4 Convex equivalences on polytopes

LetK ⊆ Rn be a polytope. We considerK as a convex algebra endowed with the
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Forward theorem

Ana Sokolova University of Salzburg Dagstuhl 12.10.2012

(i) The map ϕΘ is monotone.

(ii) Let C be a component of the graph GΘ. Then C contains a largest element
with respect to inclusion. Denoting this largest element by Y (C), we have
{Y, Y (C)} ∈ EΘ, Y ∈ C.

(iii) The relation ≈Θ is a congruence of the join-semilattice VK .

(iv) Let C be a component of GΘ and Y (C) its largest element. Then

ϕΘ(Y ) = ϕΘ(Y (C)) ∩ dirY for Y ∈ C, (4.1)
[

c̆oY + ϕΘ(Y (C))
]

∩ c̆oY (C) $= ∅ for Y ∈ C. (4.2)

Set
Z(C) :=

⋃

Y ∈C

c̆oY, (4.3)

then the congruence Θ can be recovered from ϕΘ and GΘ as

Θ =
⋃

C component
of GΘ

{

(x1, x2) ∈ Z(C)× Z(C) : x2 − x1 ∈ ϕΘ(Y (C))
}

. (4.4)

Let us point out that reconstructing Θ by means of the formula (4.4) only
requires knowledge of the classes of ≈Θ and the values of ϕΘ on the respective
largest elements of these classes.

Theorem 4.4. Let K be a polytope in Rn. Let ∼ be a congruence relation
of the join-semilattice VK with the property that each congruence class C of ∼
contains a largest element, say Y (C). Moreover, let

ϕ : {Y (C) | C class of ∼} −→ SubRn

be a monotone map such that, for each class C of ∼,

ϕ(Y (C)) ⊆ dirY (C),
[

c̆oY + ϕ(Y (C))
]

∩ c̆oY (C) $= ∅ for Y ∈ C.

Then there exists a unique congruence Θ ∈ ConCA K such that

≈Θ = ∼, ϕΘ(Y (C)) = ϕ(Y (C)) for C a class of ∼ .

This congruence Θ can be computed from ∼ and ϕ by means of the formula

Θ =
⋃

C class
of ∼

{

(x1, x2) ∈ Z(C)× Z(C) : x2 − x1 ∈ ϕ(Y (C))
}

, (4.5)

where again Z(C) :=
⋃

Y ∈C c̆oY . Its associated function ϕΘ is given as

ϕΘ(Y ) = ϕ
(

Y (C)
)

∩ dirY for Y ∈ C, (4.6)

and the set of edges EΘ of its associated graph GΘ is given as

{Y1, Y2} ∈ EΘ ⇐⇒
(

Y1 ∼ Y2 ∧
[

c̆oY1 + ϕ
(

Y ([Y1]∼)
)]

∩ c̆oY2 $= ∅
)

(4.7)

where [Y1]∼ denotes the equivalence class of Y1.
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Order theorem

Ana Sokolova University of Salzburg Dagstuhl 12.10.2012

From (4.5) we then get two convex congruences on K and these are exactly
Θ1 and Θ2. Consider next ∼2. Due to the conditions on ϕ, there is a unique
possibility to define this map, namely

ϕ3 = (0 "→ 0,01 "→ R)

and (4.5) then gives Θ3. The case ∼3 is symmetric. Again there is a unique
possibility to define the map ϕ, leading to

ϕ4 = (1 "→ 0,01 "→ R)

and Θ4. Finally, consider ∼4. There is a unique map

ϕ4 = (01 "→ R)

which satisfies the conditions imposed on ϕ leading to Θ5. By Theorem 4.3,
there are no other convex congruences on K.

The next theorem shows that also the order relation on the congruence lattice
ConCA K can be characterised in terms of ϕΘ and GΘ.

Theorem 4.7. Let K be a polytope in Rn. If Θ1,Θ2 ∈ ConCA K, then

Θ1 ⊆ Θ2 ⇐⇒
(

EΘ1 ⊆ EΘ2 ∧ ϕΘ1 ≤ ϕΘ2

)

where ≤ denotes the pointwise order by inclusion.

The remainder of this section is entirely devoted to the proof of Theorem 4.3,
Theorem 4.4, and Theorem 4.7. Thereby, the hard part is to establish Theorem
4.3. Once this is achieved, Theorem 4.4 and Theorem 4.7 are fairly straightfor-
ward. We are going to proceed according to the following schedule:

In Subsection 4.1 we provide some simple geometric consequences of con-
vexity which are used throughout. Moreover, we show Theorem 4.3, (i).

In Subsection 4.2 we investigate the structure of GΘ, and show Theorem
4.3, (ii).

In Subsection 4.3 we investigate the behaviour of a congruence relation in
the interior of K (or one of its lower dimensional facets).

In Subsection 4.4 we establish the representation (4.4).

In Subsection 4.5 we use (4.4) to deduce items (iii) and (iv) of Theorem
4.3.

In Subsection 4.6 we carry out the converse construction and provide ev-
idence to Theorem 4.4.

Finally, in Subsection 4.7, we show that the order structure of ConCA K
can be characterised as stated in Theorem 4.7.

For the rest of this section let a polytope K be fixed, and throughout Sec-
tions 4.1– 4.5 let a congruence Θ ∈ ConCA K be fixed.
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And so we fully know the congruence
lattice on K 



And all are finitely 
generated

Ana Sokolova University of Salzburg Dagstuhl 12.10.2012

as congruences 

But there are always some that are not
finitely generated as subalgebras of K x K

Hence in CA,PCA,TCA 
f.g. algebras are not closed under 

kernel pairs!
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We saw:
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* And many other things...



Conclusions

Ana Sokolova University of Salzburg

We saw:

* For CA, PCA, TCA, f.p. = f.g.

Dagstuhl 12.10.2012

* We actually know all
  congruences on CA, PCA, TCA

* And many other things...

essentially the same



Conclusions

Ana Sokolova University of Salzburg

We saw:

* For CA, PCA, TCA, f.p. = f.g.

THANK YOU 

Dagstuhl 12.10.2012

* We actually know all
  congruences on CA, PCA, TCA

* And many other things...

essentially the same


