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CA = convex algebras

@ Variety of algebras of type

72& = {(pz):bZI e R" | n c N+7 P1,---,Pn > 07 sz — 1}
1=1

® two axioms

Foor, Fouym, @1y @m)s oy Fpnyym, (@1 Tm)) =

= fion, PiPij) ey (T1, s Tm)
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CA = convex algebras

CA 2 PCA 2 TCA
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Finitely generated,
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Finitely generated,
finitely presentable

Finitely generated = quotients of free

finitely generated ones

Finitely presentable = quotients of free
finitely generated ones

smallest congruence .
containing a finite under ﬁnl’rely

set of pairs generated congruences

for CA, PCA, and TCA all
congruences are f.g.,
hence f.p.=f.g.
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Free CA, PCA, TCA

(n-1)-simplex n-simplex n-octahedron
in R" in R" in R"
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Free CA, PCA, TCA

(n-1)-simplex n-simplex n-octahedron

n Polytopes
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Congruences on
polytopes
o K C R" is a polytope if K = co Y for a finite set Y

K is convex, compact, with finifely many extremal points
K = co (ext K)

@ Every polytope is a CA/PCA

@ An equivalence on K is a CA/PCA congruence iff it is a
convex set (in R" x R")
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Congruences on
polytopes
o K C R" is a polytope if K = co Y for a finite set Y

K is convex, compact, with finifely many extremal points
K = co (ext K)

@ Every polytope is a CA/PCA

@ An equivalence on K is a CA/PCA congruence iff it is a

convex set (in R" x R")
How do they look like?
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Example

Y ={0,1}, K=coY in R @

all finitely

generated
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Four important “quys’

K - polytope
O - CA/PCA congruence on K
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Four important "guys

K - polytope
O - CA/PCA congruence on K

vo(Y) = span {xz — 21 | 1,29 € COY, :1:1@:1:2}, Y € Vi

interior of the
convex hull
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Forward theorem

(1) The map pe is monotone.

(it) Let C be a component of the graph Gg. Then C contains a largest element
with respect to inclusion. Denoting this largest element by Y (C), we have

{Y,Y(C)} € Eo, Y €C.
(7i2) The relation ~¢g is a congruence of the join-semilattice Vi .
(7v) Let C be a component of Go and Y (C) its largest element. Then
vo(Y)=pe(Y(C))NndirY forY e€C,

[0Y +po(Y(C)]NcoY(C)#D forY eC.

Z(C) = | coY,

YeC

then the congruence © can be recovered from pg and Ggo as

0= | J {(@1,22)€2(C)x Z(C): 22— 21 € po(Y(C))}.

C component

of Geo
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Backward theorem

Let K be a polytope in R™. Let ~ be a congruence relation
of the join-semilattice Vi with the property that each congruence class C of ~
contains a largest element, say Y (C). Moreover, let

¢: {Y(C) | C class of ~} — SubR"
be a monotone map such that, for each class C of ~,
(Y (C)) CdirY(C), [coY +¢(Y(C))]NncoY(C)#0 forY eC.
Then there exists a unique congruence © € Conca K such that
~o = ~, 9e(Y(C) =¢(Y(C)) forC aclass of ~ .

This congruence © can be computed from ~ and ¢ by means of the formula

0= U {(xl,:cg)GZ(C)XZ(C)Z332—3U1690(Y(C))}7

C class

of ~
where again Z(C) := Uy o c0Y . Its associated function peg is given as
po(Y)=0(Y(C))ndirY forY eC,
and the set of edges Eg of its associated graph Geo s given as

(V1,Ys) € Bo (Yl ~ Yy A [0Y; + (Y ([Yi]))] N coYs # (0)

where [Y1|~ denotes the equivalence class of Y7.
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Order theorem

And so we fully know the congruence
lattice on K
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And all are finitely
generated

as congruences

But there are always some that are not

finitely generated as subalgebras of K x K
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Conclusions

We saw:

* For CA, PCA, TCA, fp. = fg.

* We actually know all
congruences on CA, PCA, TCA

* And many other things...
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