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Part 1

Discrete probabilistic systems
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Modelling discrete 
probabilistic systems

Probability distribution functor on Sets

for we have D(f) : D(X) ! D(Y )f : X ! Y

D(X) = {µ : X ! [0, 1] |
X

x2X

µ(x) = 1}

D(f)(µ)(y) =
X

x2f

�1(y)

µ(x) = µ(f�1(y))
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Modelling discrete 
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Modelling discrete 
probabilistic systems

Probability distribution functor on Sets

and its variants
{x 2 X | µ(x) > 0}

D(X) = {µ : X ! [0, 1] |
X

x2X

µ(x) = 1}

D1(X) = {µ : X ! [0, 1] |
X

x2X

µ(x) 1}

D
f

(X) = {µ : X ! [0, 1] |
X

x2X

µ(x) = 1, supp(µ) is finite}
has a final 
coalgebra
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Modelling discrete 
probabilistic systems

Markov chains are   -coalgebras on SetsD

X
c! D(X)
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X
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Other discrete systems
Markov chains have trivial bisimilarity,
the final coalgebra is trivial
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Other discrete systems
Markov chains have trivial bisimilarity,
the final coalgebra is trivial

It gets more interesting with 
labels, termination, nondeterminism

(Almost) all known probabilistic systems can 
be modelled as coalgebras of functors built 
by the grammar

F := | A | D | P | FA | F + F | F ⇥ F | F � F
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Discrete system types
MC D
DLTS ( + 1)A

LTS P(A⇥ ) ⇠= PA

React (D + 1)A

Gen D(A⇥ ) + 1
Str D + (A⇥ ) + 1
Alt D + P(A⇥ )
Var D(A⇥ ) + P(A⇥ )
SSeg P(A⇥D)
Seg PD(A⇥ )
. . . . . .
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Discrete systems
enter coalgebra, which provides a unifying 
framework

become available as examples for generic 
coalgebra results 

all concrete probabilistic bisimulations (based 
on Larsen&Skou bisimulation) coincide with 
coalgebraic bisimulations
Bartels,S.&deVink ’03/’04
S. ’05
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Discrete systems
enter coalgebra, which provides a unifying 
framework

become available as examples for generic 
coalgebra results 

all concrete probabilistic bisimulations (based 
on Larsen&Skou bisimulation) coincide with 
coalgebraic bisimulations
Bartels,S.&deVink ’03/’04
S. ’05

original proof: as in 
de Vink&Rutten

next version, simpler

modular, inductive proof

relation liftings

QAIS 16.9.2013Ana Sokolova University of Salzburg



Bisimilarity for simple 
Segala automata

An equivalence R on the states 
of a simple Segala automaton 
is a bisimulation iff

X ! P(A⇥D(X))
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Expressiveness hierarchy
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ddIIIII
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ggNNNNNN
88rrrrr

MC

OO

Bartels, S., de Vink ’03/’04
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Translation that preserves 
and reflects bisimilarity
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Expressivity comparison
Theorem            If F preserves weak pullbacks and there 
is an injective natural transformation from F to G, 
then F-coalgebras      G-coalgebras
 
1.      If there is an injective natural transformation 
from F to G, then it induces a translation that 
preserves and reflects behaviour equivalence

X

c

✏✏

u1
// U

�

✏✏

X
u2

oo

c

✏✏

F (X)
F (u1)

// F (U) F (X)
F (u2)
oo
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Expressivity comparison
Theorem            If F preserves weak pullbacks and there 
is an injective natural transformation from F to G, 
then F-coalgebras      G-coalgebras
 
1.      If there is an injective natural transformation 
from F to G, then it induces a translation that 
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2.      If F preserves weak pullbacks, then behaviour 
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Expressivity comparison
Theorem            If F preserves weak pullbacks and there 
is an injective natural transformation from F to G, 
then F-coalgebras      G-coalgebras
 
1.      If there is an injective natural transformation 
from F to G, then it induces a translation that 
preserves and reflects behaviour equivalence

2.      If F preserves weak pullbacks, then behaviour 
equivalence and bisimilarity coincide

X

c

✏✏

u1
// U

�

✏✏

X
u2

oo

c

✏✏

F (X)
F (u1)

// F (U) F (X)
F (u2)
oo

if not, behaviour equivalence is betterbisimilarity always 
implies behaviour 

equivalence (pushouts) QAIS 16.9.2013



Example embedding

simple Segala system Segala system

P(A⇥D) PD(A⇥ )
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Example embedding
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Basic natural 
transformations

• ⌘ : 1 ) P with ⌘

X

(⇤) := ;,

• � : ) P with �

X

(x) := {x}

• � : ) D with �

X

(x) := �

x

( Dirac),

• ◆

l

: F ) F + G and ◆

r

: G ) F + G,

• �+  : F + G ) F 0
+ G0

for

� : F ) F 0
and  : G ) G0

(both with i.c.),

•  : A⇥ P ) P(A⇥ ) with 

X

(a,M) := {ha, xi | x 2 M},

• . . .
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(a vicious combination) Varacca’02, 
Varacca&Winskel’06

   used for traces of systems with probability and
   nondeterminism Jacobs’08

Probabilistic anonymity Hasuo&Kawabe’07

P,D are monads,
but PD is not

QAIS 16.9.2013Ana Sokolova University of Salzburg



Generic results

QAIS 16.9.2013Ana Sokolova University of Salzburg



Generic results
Modal logics, also via dual adjunctions
Cirstea, Kupke, Kurz, Pattinson, Schroeder, Venema,.. 

QAIS 16.9.2013Ana Sokolova University of Salzburg



Weak bisimulation (?) Rothe/S.,deVink,Woracek/Brengos’12 

Generic results
Modal logics, also via dual adjunctions
Cirstea, Kupke, Kurz, Pattinson, Schroeder, Venema,.. 

QAIS 16.9.2013Ana Sokolova University of Salzburg



Weak bisimulation (?) Rothe/S.,deVink,Woracek/Brengos’12 

Generic trace theory (    is a monad) Hasuo,Jacobs,S.’06/’07D

Generic results
Modal logics, also via dual adjunctions
Cirstea, Kupke, Kurz, Pattinson, Schroeder, Venema,.. 

QAIS 16.9.2013Ana Sokolova University of Salzburg



Weak bisimulation (?) Rothe/S.,deVink,Woracek/Brengos’12 

Generic trace theory (    is a monad) Hasuo,Jacobs,S.’06/’07D

Generic results
Modal logics, also via dual adjunctions
Cirstea, Kupke, Kurz, Pattinson, Schroeder, Venema,.. 

Forward and backward simulations Hasuo

QAIS 16.9.2013Ana Sokolova University of Salzburg



Weak bisimulation (?) Rothe/S.,deVink,Woracek/Brengos’12 

Generic trace theory (    is a monad) Hasuo,Jacobs,S.’06/’07D

Syntax and axioms for quantitative behaviors Kleene coalgebras
Bonchi, Bonsaque,Rutten,Silva

Generic results
Modal logics, also via dual adjunctions
Cirstea, Kupke, Kurz, Pattinson, Schroeder, Venema,.. 

Forward and backward simulations Hasuo

QAIS 16.9.2013Ana Sokolova University of Salzburg



Weak bisimulation (?) Rothe/S.,deVink,Woracek/Brengos’12 

Generic trace theory (    is a monad) Hasuo,Jacobs,S.’06/’07D

Syntax and axioms for quantitative behaviors Kleene coalgebras
Bonchi, Bonsaque,Rutten,Silva

Generic results
Modal logics, also via dual adjunctions
Cirstea, Kupke, Kurz, Pattinson, Schroeder, Venema,.. 

Forward and backward simulations Hasuo

QAIS 16.9.2013

Semantics via determinizations
Bonchi, Bonsaque,Rutten,Silva/Jacobs,Silva,S.  

Ana Sokolova University of Salzburg



Weak bisimulation (?) Rothe/S.,deVink,Woracek/Brengos’12 

Generic trace theory (    is a monad) Hasuo,Jacobs,S.’06/’07D

Syntax and axioms for quantitative behaviors Kleene coalgebras
Bonchi, Bonsaque,Rutten,Silva

Generic results
Modal logics, also via dual adjunctions
Cirstea, Kupke, Kurz, Pattinson, Schroeder, Venema,.. 

Forward and backward simulations Hasuo

QAIS 16.9.2013

Semantics via determinizations
Bonchi, Bonsaque,Rutten,Silva/Jacobs,Silva,S.  

Ana Sokolova University of Salzburg



Weak bisimulation (?) Rothe/S.,deVink,Woracek/Brengos’12 

Generic trace theory (    is a monad) Hasuo,Jacobs,S.’06/’07D

Syntax and axioms for quantitative behaviors Kleene coalgebras
Bonchi, Bonsaque,Rutten,Silva

Generic results
Modal logics, also via dual adjunctions
Cirstea, Kupke, Kurz, Pattinson, Schroeder, Venema,.. 

Forward and backward simulations Hasuo

QAIS 16.9.2013

Semantics via determinizations
Bonchi, Bonsaque,Rutten,Silva/Jacobs,Silva,S.  

Ana Sokolova University of Salzburg



Weak bisimulation (?) Rothe/S.,deVink,Woracek/Brengos’12 

Generic trace theory (    is a monad) Hasuo,Jacobs,S.’06/’07D

Syntax and axioms for quantitative behaviors Kleene coalgebras
Bonchi, Bonsaque,Rutten,Silva

Generic results
Modal logics, also via dual adjunctions
Cirstea, Kupke, Kurz, Pattinson, Schroeder, Venema,.. 

Forward and backward simulations Hasuo

QAIS 16.9.2013

Semantics via determinizations
Bonchi, Bonsaque,Rutten,Silva/Jacobs,Silva,S.  

Ana Sokolova University of Salzburg



Weak bisimulation (?) Rothe/S.,deVink,Woracek/Brengos’12 

Generic trace theory (    is a monad) Hasuo,Jacobs,S.’06/’07D

Syntax and axioms for quantitative behaviors Kleene coalgebras
Bonchi, Bonsaque,Rutten,Silva

Generic results
Modal logics, also via dual adjunctions
Cirstea, Kupke, Kurz, Pattinson, Schroeder, Venema,.. 

Forward and backward simulations Hasuo

QAIS 16.9.2013

Semantics via determinizations
Bonchi, Bonsaque,Rutten,Silva/Jacobs,Silva,S.  

Ana Sokolova University of Salzburg



Coalgebras over algebras

QAIS 16.9.2013

DX

X

ax
c

Ana Sokolova University of Salzburg

F
DX

X

ax



Coalgebras over algebras

QAIS 16.9.2013

DX

X

ax
c

Eilenberg-Moore
algebra of D 

Ana Sokolova University of Salzburg

F
DX

X

ax



Coalgebras over algebras

QAIS 16.9.2013

DX

X

ax
c

Eilenberg-Moore
algebra of D 

4 Jacobs, Silva, Sokolova

On functions, MS is defined like the subdistribution monad D. Again, the support
set of a multiset ⇤ ⇤ MSX is defined as supp(⇤) = {x ⇤ X | ⇤(x) ⌅= 0}.
The finite support requirement is necessary for M to be a monad. The unit � and
multiplication µ of MS are defined in the same way as for D.

K (T )

⇥⇥
��

��
��

E ⇤⇤ EM(T )

⌅⌅⇤⇤
⇤⇤

⇤⇤

C

With a monad T on a category C one associates two
categories and a comparison functor E between them, as
on the right. The “Kleisli” category K (T ) is used to cap-
ture computations of type T , in the paradigm that uses
monads for effects in a functional world [20]. The objects
of the “Eilenberg-Moore” category EM(T ) are algebraic structures, in abstract form.
Objects of EM(T ) are called ‘algebras’, or sometimes ‘Eilenberg-Moore algebras’ to
avoid possible confusion with algebras of a functor F . The latter also form a category
written as Alg(F ). The comparison functor E : K (T ) ⇥ EM(T ) plays here the role
of pure determinization operation. The categories K (T ) and EM(T ) are initial and fi-
nal in a suitable sense, see [19] for details. This determines the determinization functor.
We now describe the above points in more detail.

The Kleisli category K (T ) has the same objects as the underlying category C, but
morphisms X ⇥ Y in K (T ) are maps X ⇥ T (Y ) in C. The identity map X ⇥
X in K (T ) is T ’s unit �X : X ⇥ T (X); and composition g � f in K (T ) uses T
multiplication in: g � f = µ � T (g) � f . There is a forgetful functor U : K (T ) ⇥ C,
sending X to T (X) and f to µ � T (f). This functor has a left adjoint F, given by
F(X) = X and F(f) = � � f . Such a Kleisli category K (T ) inherits colimits from
the underlying category C.

The category EM(T ) of Eilenberg-Moore algebras has as objects maps of the form
a : T (X) ⇥ X , making the first two diagrams below commute.

X

⇥⇥⇥⇥⇥⇥⇥

⇥⇥⇥⇥⇥⇥⇥
�

⇤⇤ TX

a
��

T 2X
µ

��

T (a)
⇤⇤ TX

a
��

TX

a
��

T (f)
⇤⇤ TY

b
��

X TX a
⇤⇤ X X

f
⇤⇤ Y

A homomorphism of algebras
�
TX

a⇥ X
⇥
⇥

�
TY

b⇥ Y
⇥

is a map f : X ⇥ Y in
C between the underlying objects making the diagram above on the right commute.
The diagram in the middle thus says that the map a is a homomorphism µ ⇥ a. The
forgetful functor U : EM(T ) ⇥ C has a left adjoint F, mapping an object X ⇤ X to
the (free) algebra µX : T 2(X) ⇥ T (X) with carrier T (X).

Each category EM(T ) inherits limits from the category C. In the special case where
C = Sets, the category of sets and functions (our standard universe), the category
EM(T ) is not only complete but also cocomplete (see [2, § 9.3, Prop. 4]).

The extension functor E : K (T ) ⇥ EM(T ) sends an object X ⇤ K (T ) to the free
algebra E(X) = (µ : T 2(X) ⇥ T (X)). For a morphism f : X ⇥ Y in K (T ), that is,
f : X ⇥ T (Y ) in C, we have E(f) = µ � T (f) : T (X) ⇥ T (Y ). It forms a map of
algebras. Sometimes this E(f) is called the “Kleisli extension” of f .
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CA = convex algebras

Variety of algebras of type

two axioms

For instance, if d = n = 3 and a, u1, u2, u3 again as in (2.1), we obtain a
regular octahedron with center at the origin.3

(2.2)

Polytopes can be defined in several equivalent ways. The definition used in
[Grü03] is presented in the next lemma. The fact that this definition is equivalent
to the one above, i.e., the proof of the lemma is, in essence, a consequence of
the Krĕın-Milman theorem; we skip the details.

Lemma 2.10. A subset K ⊆ Rn is a polytope if and only if K is compact,
convex, and the set extK of its extremal points is finite.

Note that if K is a polytope and K = coY for some finite set Y , then
extK ⊆ Y and K = co(extK).

Remark 2.11. The mentioned concrete examples, the simplex (2.1) and the
octahedron (2.2), are of particular interest in the present context. They are
the free algebras with 3 generators in the equational classes PCA and TCA,
respectively (similarly as the standard simplex (1.1) is in CA). This fact (of
course for dimension n instead of 3), together with the results of Section 3 below,
shows that understanding polytopes as convex algebras suffices to understand
all finitely generated algebras in CA, PCA, and TCA.

3 The equational classes CA, PCA, and TCA

In this section we investigate the three convexity theories of convex, positive
convex, and totally convex algebras and their induced equational classes. To
start with, let us recall the definitions.

Definition 3.1. A convex algebra is an algebra (with nonempty carrier set) of
type

Tca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+, p1, . . . , pn ≥ 0,

n
∑

i=1

pi = 1
}

,

which satisfies (we denote by f(pi)ni=1
, (pi)ni=1 ∈ Tca, the operations of the alge-

bra)

(1) The projection axiom:

f(δij)ni=1
(x1, . . . , xn) = xj , n ∈ N+, j = 1, . . . , n,

where δij denotes the Kronecker-delta

δij :=

{

1 , i = j

0 , i $= j

3Picture source: http://en.wikipedia.org/wiki/Octahedron
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(2) The baricenter axiom:

f(pi)ni=1

(

f(p1j)mj=1
(x1, . . . , xm), . . . , f(pnj)mj=1

(x1, . . . , xm)
)

=

= f(∑n
i=1 pipij)mj=1

(x1, . . . , xm),

whenever n,m ∈ N+, (pi)ni=1 ∈ Tca, and (pij)mj=1 ∈ Tca, i = 1, . . . , n.

The operation appearing on the right hand side of the baricenter axiom is well-
defined since

m
∑

j=1

( n
∑

i=1

pipij
)

=
n
∑

i=1

pi
( m
∑

j=1

pij
)

, (3.1)

and hence (
∑n

i=1 pipij)
m
j=1 ∈ Tca.

By CA we denote the equational class of convex algebras.

Definition 3.2. A positive convex algebra is an algebra (with nonempty carrier
set) of type

Tpca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+, p1, . . . , pn ≥ 0,

n
∑

i=1

pi ≤ 1
}

,

which satisfies the projection axiom and the baricenter axiom, where in the
latter (pi)ni=1 and (pij)mj=1 vary through Tpca.

We denote the equational class of all positive convex algebras as PCA.

Definition 3.3. A totally convex algebra is an algebra (with nonempty carrier
set) of type

Ttca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+,

n
∑

i=1

|pi| ≤ 1
}

,

which satisfies the projection axiom and the baricenter axiom, where in the
latter (pi)ni=1 and (pij)mj=1 vary through Ttca.

We denote the equational class of all positive convex algebras as TCA.

Note that, again because of (3.1), the operation appearing on the right hand
side of the baricenter axiom is always well-defined, i.e., is of type Tpca or Ttca,
respectively (to see this for Ttca, use the triangle inequality).

It is obvious that each positive convex algebra can be considered as a convex
algebra. To be precise, if 〈P, (fγ)γ∈Tpca〉 is a positive convex algebra, then
〈P, (fγ)γ∈Tca〉 is a convex algebra. Similarly: If 〈P, (fγ)γ∈Ttca〉 is a totally
convex algebra, then 〈P, (fγ)γ∈Tpca〉 is a positive convex algebra, and in turn
〈P, (fγ)γ∈Tca〉 is a convex algebra. Due to this fact, many results can immedi-
ately be transferred from CA to PCA and TCA.

Another interesting fact, which we shall explain in the sequel, is that CA and
PCA are essentially the same from an algebraic viewpoint, whereas TCA carries
more structure than CA (compare Proposition 3.6 with Proposition 3.8 below).

When working with algebras of one of the types Tca, Tpca, or Ttca, it is
practical (and customary) to write operations as formal sums and/or to use
vector notation:

f(pi)ni=1
(x1, . . . , xn) =

n
∑

i=1

pixi = (p1, . . . , pn)






x1
...
xn




 .

9
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(2) The baricenter axiom:

f(pi)ni=1

(

f(p1j)mj=1
(x1, . . . , xm), . . . , f(pnj)mj=1

(x1, . . . , xm)
)

=

= f(∑n
i=1 pipij)mj=1

(x1, . . . , xm),

whenever n,m ∈ N+, (pi)ni=1 ∈ Tca, and (pij)mj=1 ∈ Tca, i = 1, . . . , n.

The operation appearing on the right hand side of the baricenter axiom is well-
defined since

m
∑

j=1

( n
∑

i=1

pipij
)

=
n
∑

i=1

pi
( m
∑

j=1

pij
)

, (3.1)

and hence (
∑n

i=1 pipij)
m
j=1 ∈ Tca.

By CA we denote the equational class of convex algebras.

Definition 3.2. A positive convex algebra is an algebra (with nonempty carrier
set) of type

Tpca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+, p1, . . . , pn ≥ 0,

n
∑

i=1

pi ≤ 1
}

,

which satisfies the projection axiom and the baricenter axiom, where in the
latter (pi)ni=1 and (pij)mj=1 vary through Tpca.

We denote the equational class of all positive convex algebras as PCA.

Definition 3.3. A totally convex algebra is an algebra (with nonempty carrier
set) of type

Ttca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+,

n
∑

i=1

|pi| ≤ 1
}

,

which satisfies the projection axiom and the baricenter axiom, where in the
latter (pi)ni=1 and (pij)mj=1 vary through Ttca.

We denote the equational class of all positive convex algebras as TCA.

Note that, again because of (3.1), the operation appearing on the right hand
side of the baricenter axiom is always well-defined, i.e., is of type Tpca or Ttca,
respectively (to see this for Ttca, use the triangle inequality).

It is obvious that each positive convex algebra can be considered as a convex
algebra. To be precise, if 〈P, (fγ)γ∈Tpca〉 is a positive convex algebra, then
〈P, (fγ)γ∈Tca〉 is a convex algebra. Similarly: If 〈P, (fγ)γ∈Ttca〉 is a totally
convex algebra, then 〈P, (fγ)γ∈Tpca〉 is a positive convex algebra, and in turn
〈P, (fγ)γ∈Tca〉 is a convex algebra. Due to this fact, many results can immedi-
ately be transferred from CA to PCA and TCA.

Another interesting fact, which we shall explain in the sequel, is that CA and
PCA are essentially the same from an algebraic viewpoint, whereas TCA carries
more structure than CA (compare Proposition 3.6 with Proposition 3.8 below).

When working with algebras of one of the types Tca, Tpca, or Ttca, it is
practical (and customary) to write operations as formal sums and/or to use
vector notation:

f(pi)ni=1
(x1, . . . , xn) =

n
∑

i=1

pixi = (p1, . . . , pn)






x1
...
xn




 .
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CA = convex algebras

Variety of algebras of type

two axioms

For instance, if d = n = 3 and a, u1, u2, u3 again as in (2.1), we obtain a
regular octahedron with center at the origin.3

(2.2)

Polytopes can be defined in several equivalent ways. The definition used in
[Grü03] is presented in the next lemma. The fact that this definition is equivalent
to the one above, i.e., the proof of the lemma is, in essence, a consequence of
the Krĕın-Milman theorem; we skip the details.

Lemma 2.10. A subset K ⊆ Rn is a polytope if and only if K is compact,
convex, and the set extK of its extremal points is finite.

Note that if K is a polytope and K = coY for some finite set Y , then
extK ⊆ Y and K = co(extK).

Remark 2.11. The mentioned concrete examples, the simplex (2.1) and the
octahedron (2.2), are of particular interest in the present context. They are
the free algebras with 3 generators in the equational classes PCA and TCA,
respectively (similarly as the standard simplex (1.1) is in CA). This fact (of
course for dimension n instead of 3), together with the results of Section 3 below,
shows that understanding polytopes as convex algebras suffices to understand
all finitely generated algebras in CA, PCA, and TCA.

3 The equational classes CA, PCA, and TCA

In this section we investigate the three convexity theories of convex, positive
convex, and totally convex algebras and their induced equational classes. To
start with, let us recall the definitions.

Definition 3.1. A convex algebra is an algebra (with nonempty carrier set) of
type

Tca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+, p1, . . . , pn ≥ 0,

n
∑

i=1

pi = 1
}

,

which satisfies (we denote by f(pi)ni=1
, (pi)ni=1 ∈ Tca, the operations of the alge-

bra)

(1) The projection axiom:

f(δij)ni=1
(x1, . . . , xn) = xj , n ∈ N+, j = 1, . . . , n,

where δij denotes the Kronecker-delta

δij :=

{

1 , i = j

0 , i $= j

3Picture source: http://en.wikipedia.org/wiki/Octahedron
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(2) The baricenter axiom:

f(pi)ni=1

(

f(p1j)mj=1
(x1, . . . , xm), . . . , f(pnj)mj=1

(x1, . . . , xm)
)

=

= f(∑n
i=1 pipij)mj=1

(x1, . . . , xm),

whenever n,m ∈ N+, (pi)ni=1 ∈ Tca, and (pij)mj=1 ∈ Tca, i = 1, . . . , n.

The operation appearing on the right hand side of the baricenter axiom is well-
defined since

m
∑

j=1

( n
∑

i=1

pipij
)

=
n
∑

i=1

pi
( m
∑

j=1

pij
)

, (3.1)

and hence (
∑n

i=1 pipij)
m
j=1 ∈ Tca.

By CA we denote the equational class of convex algebras.

Definition 3.2. A positive convex algebra is an algebra (with nonempty carrier
set) of type

Tpca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+, p1, . . . , pn ≥ 0,

n
∑

i=1

pi ≤ 1
}

,

which satisfies the projection axiom and the baricenter axiom, where in the
latter (pi)ni=1 and (pij)mj=1 vary through Tpca.

We denote the equational class of all positive convex algebras as PCA.

Definition 3.3. A totally convex algebra is an algebra (with nonempty carrier
set) of type

Ttca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+,

n
∑

i=1

|pi| ≤ 1
}

,

which satisfies the projection axiom and the baricenter axiom, where in the
latter (pi)ni=1 and (pij)mj=1 vary through Ttca.

We denote the equational class of all positive convex algebras as TCA.

Note that, again because of (3.1), the operation appearing on the right hand
side of the baricenter axiom is always well-defined, i.e., is of type Tpca or Ttca,
respectively (to see this for Ttca, use the triangle inequality).

It is obvious that each positive convex algebra can be considered as a convex
algebra. To be precise, if 〈P, (fγ)γ∈Tpca〉 is a positive convex algebra, then
〈P, (fγ)γ∈Tca〉 is a convex algebra. Similarly: If 〈P, (fγ)γ∈Ttca〉 is a totally
convex algebra, then 〈P, (fγ)γ∈Tpca〉 is a positive convex algebra, and in turn
〈P, (fγ)γ∈Tca〉 is a convex algebra. Due to this fact, many results can immedi-
ately be transferred from CA to PCA and TCA.

Another interesting fact, which we shall explain in the sequel, is that CA and
PCA are essentially the same from an algebraic viewpoint, whereas TCA carries
more structure than CA (compare Proposition 3.6 with Proposition 3.8 below).

When working with algebras of one of the types Tca, Tpca, or Ttca, it is
practical (and customary) to write operations as formal sums and/or to use
vector notation:

f(pi)ni=1
(x1, . . . , xn) =

n
∑

i=1

pixi = (p1, . . . , pn)






x1
...
xn




 .
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CA = convex algebras

Variety of algebras of type

two axioms

For instance, if d = n = 3 and a, u1, u2, u3 again as in (2.1), we obtain a
regular octahedron with center at the origin.3

(2.2)

Polytopes can be defined in several equivalent ways. The definition used in
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respectively (similarly as the standard simplex (1.1) is in CA). This fact (of
course for dimension n instead of 3), together with the results of Section 3 below,
shows that understanding polytopes as convex algebras suffices to understand
all finitely generated algebras in CA, PCA, and TCA.

3 The equational classes CA, PCA, and TCA

In this section we investigate the three convexity theories of convex, positive
convex, and totally convex algebras and their induced equational classes. To
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Tca :=
{
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n
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(2) The baricenter axiom:

f(pi)ni=1

(

f(p1j)mj=1
(x1, . . . , xm), . . . , f(pnj)mj=1

(x1, . . . , xm)
)

=

= f(∑n
i=1 pipij)mj=1

(x1, . . . , xm),

whenever n,m ∈ N+, (pi)ni=1 ∈ Tca, and (pij)mj=1 ∈ Tca, i = 1, . . . , n.

The operation appearing on the right hand side of the baricenter axiom is well-
defined since

m
∑

j=1

( n
∑

i=1

pipij
)

=
n
∑

i=1

pi
( m
∑

j=1

pij
)

, (3.1)

and hence (
∑n

i=1 pipij)
m
j=1 ∈ Tca.

By CA we denote the equational class of convex algebras.

Definition 3.2. A positive convex algebra is an algebra (with nonempty carrier
set) of type

Tpca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+, p1, . . . , pn ≥ 0,

n
∑

i=1

pi ≤ 1
}

,

which satisfies the projection axiom and the baricenter axiom, where in the
latter (pi)ni=1 and (pij)mj=1 vary through Tpca.

We denote the equational class of all positive convex algebras as PCA.

Definition 3.3. A totally convex algebra is an algebra (with nonempty carrier
set) of type

Ttca :=
{

(pi)
n
i=1 ∈ Rn | n ∈ N+,

n
∑

i=1

|pi| ≤ 1
}

,

which satisfies the projection axiom and the baricenter axiom, where in the
latter (pi)ni=1 and (pij)mj=1 vary through Ttca.

We denote the equational class of all positive convex algebras as TCA.

Note that, again because of (3.1), the operation appearing on the right hand
side of the baricenter axiom is always well-defined, i.e., is of type Tpca or Ttca,
respectively (to see this for Ttca, use the triangle inequality).

It is obvious that each positive convex algebra can be considered as a convex
algebra. To be precise, if 〈P, (fγ)γ∈Tpca〉 is a positive convex algebra, then
〈P, (fγ)γ∈Tca〉 is a convex algebra. Similarly: If 〈P, (fγ)γ∈Ttca〉 is a totally
convex algebra, then 〈P, (fγ)γ∈Tpca〉 is a positive convex algebra, and in turn
〈P, (fγ)γ∈Tca〉 is a convex algebra. Due to this fact, many results can immedi-
ately be transferred from CA to PCA and TCA.

Another interesting fact, which we shall explain in the sequel, is that CA and
PCA are essentially the same from an algebraic viewpoint, whereas TCA carries
more structure than CA (compare Proposition 3.6 with Proposition 3.8 below).

When working with algebras of one of the types Tca, Tpca, or Ttca, it is
practical (and customary) to write operations as formal sums and/or to use
vector notation:

f(pi)ni=1
(x1, . . . , xn) =

n
∑

i=1

pixi = (p1, . . . , pn)






x1
...
xn




 .
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Probabilities are not 
that special...

subsets, multisets and distributions have 
something in common: they are instances of 
the same functor
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Probabilities are not 
that special...

subsets, multisets and distributions have 
something in common: they are instances of 
the same functor

given a monoid            and a subset(M,+, 0) S ✓ M

V

S

(f)(')(y) =
X

x2f

�1({y})

'(x)

V

S

(X) = {' : X ! M | supp(') is finite,
X

x2X

'(x) 2 S}
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that special...

subsets, multisets and distributions have 
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the same functor
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M = ({0, 1},_, 0)
S = M
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M = (N,+, 0)
S = M
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M = (R�0,+, 0)
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given a monoid            and a subset(M,+, 0) S ✓ M
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additional structure on M
adds structure to the functor  

(monad...)
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Part 2

Continuous probabilistic systems
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Live beyond sets    

in                  Meas
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Live beyond sets    

in                  Meas

the category of measure spaces 
and measurable maps 

σ-algebra

closed w.r.t.∅,
complements,

countable unions
measure spaces (X,SX)objects:

measurable maps

f : X ! Y with f�1(SY ) ✓ SX

arrows:
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Markov and Giry

Markov processes are coalgebras of the Giry monad 
on  Meas
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Markov and Giry

Markov processes are coalgebras of the Giry monad 
on  Meas

The Giry functor (monad) acts on objects and arrows 
as

G(X,SX) = (GX,SGX)

all subprobability measures

the smallest 
σ-algebra making the

evaluation maps 
measurable

evM (') = '(M)

evM : GX ! [0, 1]

G(f)
⇣
SX

'! [0, 1]
⌘

=
⇣
SY

f�1

! SX
'! [0, 1]

⌘
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Properties, other spaces

         may not have weak pullbacks

Analytic spaces have semi-pullbacks
Edalat ’99

It has a final coalgebra
Moss&Viglizzo’06

Meas
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Doberkat (book’07)
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finite conjunctions
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analytic spaces
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behaviour equivalence is the solution
Danos, Desharnais, Laviolette,Panangaden ’04/’06

same logical 
characterization

all works smoothly

No need of Polish/
analytic spaces (?)
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Discrete to continuous

G << Meas
U

,,
Sets

D

ll Dbb with D a U
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//
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c�! D(X) = DUD(X)
⌘

7�!
⇣
X

c�! DUD(X)
⇢DX�! UGD(X)

⌘

X // UGD(X) in Sets
=========================
D(X) // GD(X) in Meas

preserves and 
reflects
behaviour
equivalence

forgetfuldiscrete
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