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Part 1

Discrete probabilistic systems
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Modelling discrete
probabilistic systems

Probability distribution functor on

DX = {p: X~ [0 | > el — 1}
for we have h

DA )= o) SEre (y))

0 s 41
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DX = {p: X~ [0 | > el — 1}
and its variants e

Dor(X) = {p: X = 0,1]] ¥ pl2) <1}

1z € X | p(z) >0}

DX )= {p X0 18 Z u(x) =1, supp(p) is finite}
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How about their coalgebraic bisimilarity?
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Coincides with Larsen&Skou bisimilarity

— -

rRy = c(x)(C) = c(y)(C)

C- equivalence class of R
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Modelling discrete
probabilistic systems

Markov chains are D-coalgebras on

(Xépuﬂ

How about their coalgebraic bisimilarity?

/_\ Coincides with Larsen&Skou bisimilarity

ey = R ink&Rutten ‘99
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Discrete system types
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Discrete systems

@ enter coalgebra, which provides a unifying
framework

@ become available as examples for generic
coalgebra results

@ all concrete probabilistic bisimulations (based
on Larsen&Skou bisimulation) with
coalgebraic bisimulations
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Discrete systems

@ enter coalgebra, which provides a unifyinc
framework

: original proof: as in
@ become available as examples for de Vink&Rutten

coalgebra results

0 next version, simpler

coingy

@ all concrete probabilistic bisim
on Larsen&Skou bisimulatic
coalgebraic bisimulatione

&

relation liftings

modular, inductive proof
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Bisimilarity for simple
Segala automata

An equivalence R on the states
of a simple Segala automaton
is a bisimulation iff
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Expressiveness hierarchy
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Expressiveness hierarchy
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Expressivity comparison

Theorem If F preserves weak pullbacks and there
is an injective natural transformation from F to G,
then F-coalgebras — G-coalgebras

If there is an injective natural
from F to G, then it induces a trans
preserves and reflects behaviour equivalence

If F preserves weak pullbacks, then behaviour
equivalence and bisimilarity coincide

bisimilarity always
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if not, behaviour equivalence is better
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Basic natural
transformations

n: 1= P with nx (%) := 0,
o:_= P with ox(x) := {z}

0 : - = D with dx(x) := d, ( Dirac),
u:F=F+Gand ¢ :G=F+G,

d+v: F+G=F +G for
¢: F=F and ¢ : G = G (both with i.c.),

e Kk : AXP=PAx_) with kx(a,M):={{a,x)|xze M},
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Specific coalgebra results

@ Probabilistic GSOS Bartels'02/'04
Stochastic/weighted GSOS Klinid
Klin'09

P.,D are monads,
but PD is not

@ Monad for probability and.ee
(a vicious combination) Varacca'02,
Varacca&Winskel 06

used for traces of systems with probability and
nondeterminism Jacobs 08

@ Probabilistic anonymity Hasuo&Kawabe'07
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CA = convex algebras

@ Variety of algebras of type
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CA = convex algebras

@ Variety of algebras of type

4

Tea = {(Pi)?’:l ER™| neN', p1,...,pn >0, ) |p|= 1}
i—1

® two axioms

have nice
properties

Foor, Fouym, @1y @m)s oy Fpnyym, (@1 Tm)) =

= fion, PiPij) ey (@15
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Probabilities are not
that special...

® subsets, multisets and distributions have
something in common: they are instances of
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Probabilities are not
that special...

Vs seisan butions have
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Probabilities are not
that special...

M = Vs Dy =Vg
0) M = (N, +,0) M = (R=°,4,0)
1N comims S =10,1]
AL FUII -

a mohoid 7. + () and a subset 5 C \/

3 giV

X) ={p: X — M |supp(p) is finite, » ~¢(z) € 5}

re X
additional structure on M
adds structure to the functor
(monad...)
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Part 2

Continuous probabilistic systems
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Live beyond sets

the category of measure spaces

in Meas and measurable maps
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Live beyond sets

the category of measure spaces
and measurable maps
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measure spaces (X, Sy
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Live beyond sets

the category of measure spaces
and measurable maps

in Meas

measure spaces (X, Sy

O-algebra

X
\agl'S8 measurable maps

f: X oY with f7'(Sy) C Sx
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Markov and Giry

@ Markov processes are coalgebras of the Giry monad
on
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Markov and Giry

@ Markov processes are coalgebras of the Giry monad
on

@ The Giry functor (monad) acts on objects and arrows

as
all subprobability measures

GX ={p:8x = [0,1] | p(0) =0, (8 M;) = > o(M;)}
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Markov and Giry

@ Markov processes are coalgebras of the Giry monad
on

@ The Giry functor (monad) acts on objects and arrows

as
the smallest
0-algebra making the
evaluation maps
/ measurable
She -(; all subprobability measures b ON [07 1]

GX ={p:Sx = [0,1] | p(0) = 0, (s Zs& .
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Markov and Giry

@ Markov processes are coalgebras of the Giry monad
on

@ The Giry functor (monad) acts on objects and arrows

as

the smallest
0-algebra making the
evaluation maps
measurable

evy : GX — |0,1]
evn () = (M)

all subprobability measures

\\:
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Markov and Giry

@ Markov processes are coalgebras of the Giry monad
on

@ The Giry functor (monad) acts on objects and arrows
as

the smallest

Q(X, SX) — (QX, SQX) 0-algebra making the

evaluation maps
measurable
all subprobability measures

i oo e
G(f) <5X = [0, 1]) = (Sy — Sy 5[0, 1]) = (M) /

y .
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Properties, other spaces

@ may have weak pullbacks
@ Analytic spaces have semi-pullbacks

@ It has a final coalgebra
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Propertie
X/ \Y

@ Meas may have weak pullbac

bisimilarity is difficult to handle

so people furned to
analytic or Polish spaces

@ Analytic spaces have semi-pullback

bisimilarity
@ It has a final coal is an

equivalence
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Main research In
continuous systems

@ Labelled Markov processes
bisimulation as before, logical
characterization of bisimulation

@ Stochastic relations
generalization of Markov processes
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Main research In
continuous S

Qciﬁve IabeD analytic spaces

@ Labelled Markov proce
bisimulation as before, logical
characterization of bisimulatior

Kleisli morphisms in the
Kleisli category of the
Giry monad Polish and
analytic spaces

finite conjunctions
negation free logic

@ Stochastic relations
generalization of Markov processegs
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Measure spaces are fine

@ bisimilarity is the problem

B

@ behaviour equivalence is the solufion
Danos, Desharnais, Laviolette,Panangaden '04/°06
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Measure spaces are fine

@ bisimilarity is the problem
g Al

@ behaviour equivalence is the solufion
Danos, Desharagis, Laviolette,Panangaden ‘04/°06

same logical
characterization

all works smoothly
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Measure spaces are fine

@ bisimilarity is the problem
¥y
"

@ behaviour equivalence is the solufion
Danos, Desharagis, Laviolette,Panangaden '04/°06

No need ot Daleil PR
: characterization
analytic spaces (?)

all works smoothly
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Discrete to continuous
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Discrefte to confinuous

g Q Meat Wi Sets Q p|  withe D —I s |
| J

We can translate
chains Iinto processes:
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Discrete fo conhnuous

discrete

4 frge’rFul

QQMeaSi jSetsQD withie D U

i “obvious natural transformation
We can translate | 0

chains into processes: .

- s g &

', e R
. Tt e
g S

T

/—\

Coalgp e Coalg;;gp ———— Coalg,

(*)
v

Sxva Wy

Sets Meas

D
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Discrete to conhnuous

dﬁscr,d‘e 2’@

G Q Meas

We can translate
chains into processes:

Coalgp o Coalg;;gp ———— Coalg,

(*)
v

e Wy

Sets Meas
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Discrete to conhnuous

dﬁscrﬁ 2’@

G Q Meas

We can translate
chains into processes:

X —UGD(X) in Sets

D(X) ——=GD(X) in Meas
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_Discrete to conhnuous

dlscrefe ‘
G Q Meas j Sets Q D| - witlwe Dy iU
£ S
SRl s

preserves and
(X reflects ') — (X _°, DUD(X) 22X UgD(X))
behaviour

equivalence

We can translate
chains into processes:

T

Coalgp ——— Coalgygp — > Coalgg § X ——=UGPX) InSets
) D(X) ——=GD(X) in Meas

e Wy

Sets

D
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Final message

Teaser for Prakash :-)
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Final message

also some very interesting results

@ Both discrete and continuous probabilistic
systems are coalgebras

@ Observation: behaviour equivalence (cospan) is more
suitable than bisimilarity (span)

® Measure spaces are enough, one can forget about
Polish or analytic ones (unless one loves them)
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