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1 Introduction

The solutionu(t,x) of the heat equation (equation1) describes the diffusion of
heat in a bar with lengthL as a function of timet and positionx. We will calculate
a solution as described in [3].

The initial temperature is described by a functionf (x) at each pointx on the bar
at time zero. Now the bar is heated by different but constant temperaturesα and
β at both ends.

We describe this equation and this boundary conditions mathematically as fol-
lows:

∂u
∂t

= c
∂2u
∂x2 , 0≤ x≤ L , t ≥ 0, (1)

with initial conditions:

u(0,x) = f (x) , 0≤ x≤ L

and boundary conditions:

u(t,0) = α, u(t,L) = β

The constantc is a positive constant and depends on the material of the bar.

Equations of this type are calledparabolic, because the solutions are evolving to-
ward a steady state. That means at a specific time the diffusion will only changing
for a very small amount.

2 Discretization

The numerical solutions of a PDE discretize the derivations by approximation with
finite differences. If we discretize both, time and space, then we use a fully dis-
crete method. Another method would be a semi-discrete method. Such a method
discretize only the space dimension with a final amount of points. This yields in a
system of ODEs, which can then be solved by a standard method for solving such
a system. This is also called the method of lines.

We will use a fully discrete method. So we have to substitute all derivations with
finite differences:

uk+1
i −uk

i

∆t
= c

uk
i+1−2uk

i +uk
i−1

(∆x)2 , i = 1, . . . ,n (2)

Harald R̈ock Heat Equation



Project in HPSC SS 2003 2

Figure 1: Stencil of the explicit method for the heat equation

We can rearrange this equation so that we get an equation foruk+1
i :

uk+1
i = uk

i +c
∆t

(∆x)2

(
uk

i+1−2uk
i +uk

i−1

)
, i = 1, . . . ,n

This seams to be naturally clear, because the temperature at theith point in the
next time step will be affected by the temperature of his neighbors and his own
temperature.

From the initial conditions we get the values foru0
i = f (xi), i = 1, . . . ,n. This is

the starting point from which we can march the approximate solution forward step
by step in time. The boundary conditions providing the necessary valuesuk

0 = α
andun+1 = β.

This time stepping scheme isexplicit because the approximate solution values at
any given time step depend only on values that are available from the previous
time step. The stencil is shown in figure1.

The local truncation error of this scheme isO(∆t)+O((∆x)2), this means it is of
first order in time and of second order in space.

This scheme is simply Euler’s method applied to the semi-discrete system of
ODEs derived for this problem using finite difference spatial discretization. The
stability region of this method is defined by

∆t ≤ (∆x)2

2c
.

So the time step size depends on∆x, if ∆x is small∆t becomes very small. There-
fore exists various implicit methods which would be unconditional stable. But we
will use this explicit method, as we will also parallelize this.
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Figure 2: calculating and changing the new values

3 Implementation

As mentioned before and the title says we are looking for a parallel method to
compute the heat equation. We implemented the method in C++ withmpich[1, 2].

The algorithm is relative simple. We have only to calculate

uk+1
i = uk

i +c
∆t

(∆x)2

(
uk

i+1−2uk
i +uk

i−1

)
for each node.

The nodes are uniformly distributed to the available processors at the beginning.
So each processor is responsible to a disjunctive set of nodes. As for each node
the value for the next time step is calculated with the values of its neighbors, there
must be some communication between the different processors. Figure2 shows
how this will work. Each processors has two additional stores where the values of
the neighbors will be saved. This values have to be updated after each step.

As this equation is parabolic the solution converges to a stable state. So we have
to include a convergence test. If the result doesn’t change or only for a small
amount the iteration will stop. To solve this we need some global communication.
Each processor send the norm of the difference between the previous and the
current solution to all others and sum all received norms. This will be done with
MPI Allreduce at each calculation step.

At the end of our calculation the results will gathered in to processor zero, and
printed to stdout.

4 Results

I tested the program at a Linux Cluster with 16 1GHz processors, because one
processor was broken there were only 15 processors available. First I run it on one
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1 2 4 8 15
init 0.0385 0.4270 1.0514 2.2763 4.2521

50000 18.646 9.852 4.743 2.912 31.237
100000 37.273 19.207 12.192 5.166 14.137
200000 73.365 37.557 21.355 12.478 11.567
500000 183.183 92.201 50.175 26.685 20.650
1000000 368.411 186.146 99.789 50.324 30.865

Table 1: results of the timing on a 15×1 GHz Linux cluster

1
2

3
4

5
6

7
8

9
10

0
10

20
30

40
50
0

5

10

15

(a) initial temperature 15 andα = β = 0
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(b) initial temperature 5,α = 20 andβ = 10

Figure 3: Two results ploted after 50 steps

processor then with two, four, eight and finally with 15. The timing measurements
can be found in table1.

The init line on the table shows the time that is used to initialize all processors. In
the first column you can find the problem size and on the following the time that
was needed.

From the table follows that the speedup is nearly linear if the problem size is big.
For a smaller problem size the communication time is dominant in comparison
with the computation time. That means if there are too many processors involved
they spend more time to transfer the data to their neighbors as to calculate the
next step. We see also that for a problem size of 50 000 eight processors would be
optimal and 15 would be to much.

At figure 3 you can find two plotted results. The solutions are as expected they
converge to a linear interpolant betweenα andβ.
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