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CAT Modelling of MAS

Category Theory : Unifying mathematical modeling languac
with manyconstructive features

« The general communication and cooperation structure i
represented in a so called base diagram of the MAS.

Each base diagram forms a typed category.

Typed objects represent agents.

Object types represent properties of agents.

Typed morphism represent different relations
(communication in general) between the agents.
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Base Diagrams as Categories

Let R C X x X denote a general relation. We associate with it the catec
denoted byPATH(X,R), PATH(X) or justPATH.

* Objects: the elements € X.
* Arrows, Morphisms: sequences (paths) of adjacent arrows.

This naturally definesomposition of arrows.

There is a morphism (1) iff Ry. For arrowsr — y andy — z there is no
“direct arrow” in general (2 — z. But a sequence (path) of consecutive
arrows (3)r — y — z.

The identity arrow for each object is an arrow of length O.

Thus,PATH becomes aategory.
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Diagram D.
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-

/\ced

N\
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Base Diagrams as Categories (2)

* An arbitrary binary relation? on X induces a correspondirfgrow
Diagram D.

* Every Arrow DiagramD can be interpreted as a category.

A Multiagent System has a set of relations. (e. g."dominanhisje
"power criteria”, "skills/qualification”).

The different relations in a MAS are represented by diffetgpés of
arrows in the base diagram.

Example base Diagrani/ AS
a
/X

. C <=

\ b

Three relations (three arrow-types)

e
(S
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Typed Categories

A typed categoryI' consists of:

* objects

arrow types

object types

a map assigning to each object a set of object types

a set of arrows for each tripple
(arrowtype,domain,codomain)

* the composition is defined typewise.

We define:
Typed Subcategories and Typed Functors!

LD =p. 7P



The Category MAS

Category of all small (set of objects) categories Cat. Fansct
act as morphisms between categories.
We can build the CategofflAS

* Objects: Base Diagrams of MAS (typed categories)

* Morphisms: Covariat typed functors

- b1 / b1,2
//// %///
~
a\/ F \C\l 2
G do
\MASZ | § MAS] )

....... . arrows for dominance relation
arrows for communication relation

, D —p.8R



MAS Morphism

A MAS morphism£’ : M AS; — MAS; is a quadruple
F = (Far, Fa, Fo, Fyp) of maps:

ArrTypes(MAS;) far ArrTypes(MAS;)
TMAS; T (1) TMAS,; T
Arr(MAS;) o Arr(MAS,)

codomMASZ.\L ldomMASi ) codomMASjl ldomMASj
Obj(MAS;) w0 Obj(MAS,)
lTMASi €) \LTMASJ-

P(ObjTypes(MAS;)) —2= P(ObjTypes(MAS;))

In this category exist.

, D —p.9r



DPO Approach

In MAS aMAS -production = (p', p") is defined as a pair of
MAS morphisms with common domain.

l r
L~— MAS! —R
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DPO Approach

In MAS a MAS -production = (p', p") is defined as a pair of
MAS morphisms with common domain. GiverivaéAS
-productionp, aMAS objectM AS' and aMAS morphism
m : codom(p') — MAS', called match, defines a direct
transformation stepl/ AS' = MAS".

l r

p p

L MAS! R

ok

p

MAS!' <— MASC — MAS"

This diagram illustrates a Double Pushout, for more detad
refer to the book "Fundamentals of Algebraic Graph Transés

tion".
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Example (1)

Based on four relations that change while the MAS perform
task five productions are defined that model the application
conditions of actions and the actions.

aq pcl aq pcr aq aq pd X1
- — $ /\\ -
b bo bo b2 3 C2l3

procuctionpc = (pcl, pcr) productionpd X = (pdXl, pdXr)

pbal
= —= | N\
productionpdY = (pdY'l, pdYr) productionpba = (pbal, pbar)

peal aq pear ai,s
-

bg Co

productionpea = (peal, pear)
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Example (2)

A

by C2.3

¢

Application of productiorpd X to a givenMAS object.

Z/\“

C2.3

AL

€1 C2.3

bio dy
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Example (2)

Application of productiorpd X to a givenMAS object.

R e e /\

b2,3 C2.3 by C2.3 C2 3
&1,3 &173 al,?)
AN AN I
€1 C23 | €1 C23 —® | €1: (23

\ N Vi
b123 do b1 ds bio do
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Example (2)

A

bz,3 C2.3

¢

1.3
AN
€1 C2.3

\
bi23 do

A

by C2.3

¢

Application of productiorpd X to a givenMAS object.

e
N\
2

C2.3

AL

€1 C23

bio ds
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Example (3)

System run: initiaMAS object SO. The productions are appli
together with suitable matches.

S0

a1,3

6‘1\\\ Cf’?dg

b1,2,3
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Example (3)

System run: initiaMAS object SO. The productions are appli

together with suitable matches.

S0

a1,3

6‘1\ Cf’?dz

b1,2.3

gl

Sl

ai,s

d

€1

N\

cxrzdo

b1,2.3 |
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Example (3)

System run: initiaMAS object SO. The productions are appli
together with suitable matches.

/SO . ) S1 . ) S2
ai,s ai,s a
c.nC , dX 1,3
e crxd g /® - /®
g\ Z3 a2 e1  cxrzds e1t cxxds
b N\ \
N 1,2,3/ N b17273 J N \61*2 4
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Example (3)

System run: initiaMAS object SO. The productions are appli
together with suitable matches.

SO .

-

a1,3

6‘1\\\ Cf,?dg

b1,2,3

J

g:

S1

Ve

ai,3

vl

€1

N\

crzdo

b1,2,3

P

dX

S2

-

ai,3
/®

e1s crzds
A}

N

| b1.2

J

Jpay

S3

e

a1,3

ek

~

€11 Cﬁdz

b1,2

J
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Example (3)

System run: initiaMAS object SO. The productions are appli
together with suitable matches.

/SO \ e Sl ) ( 82 )
ai,s a1,3 ai,s
PC,PGC /@ pdx 7 ’
6‘1\\\ crgda :/E el\cfgdg e{'jif,?@
. \
§ 1’2’3/ L b1,2,3 ) S \bl,Q J
Uoer
S4 S3
. af“" ai,3
i
61/ ®Cf,?ab ¢ e, cr=ds
N, pba \
§ b1,2,3 | L br2 )
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Example (3)

System run: initiaMAS object SO. The productions are appli
together with suitable matches.

SO

-

6‘1\\\ Cf,?dg

~

a1,3

bi,2,3

J

S5

€1

ai,s

v

cxExdo

b1,2,3

g:

S1

Ve

pea

ai,s

vl

€1 Cf,?d2

pdX

pba

S2

4
/‘

€1
A Y

N

(S

ai,3

!

crzda

bl.2 J

S3

Jpay

e

61"

~

a1,3

ek

cx=d>

b1,2

J
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Conclusion and Outlook

The concept oMAS transformations is a natural way to
describe changes in the base diagram of Multiagent Sys

It Is Independent of the iImplementation of the agents.

We analyze MAS on the basis of their cooperation and
communication structures.

Actions and their application conditions in a MAS are
described by productions MAS .

, D —p.14r



Conclusion and Outlook (2)

* 'Relational Fibering’ to model local global interactioms |
the relational structure of a MAS.

A first application of this approach is to compute
subcategories of a MAS on demand, by taking the collet
of the fibers over a defined set of agents as a starting pc

 Limits and colimits of Multiagent Systems for different
morphism types (universal communicator).

 Action Planning.

, | D —p. 15



Category

A categoryC consists of a class of objects denoteddyB, C, ... € Obj(C). For each pair o
objectsA, B there is a set of morphisma/or(A, B), also denoted b{>( A, B) (the "arrows"
between A and B)C(A1, B1) andC(Az, B2) are disjoint unlesgl; = A andB; = Bo.
(Note thatM or (A, B) can be empty). There is a composition operation on morphigms
f: A— Bandg: B — C are morphisms, then there is a morphigm f : A — C, the
composition off andg. In a category the following axioms have to hold.

* The composition of morphisms is associative, that is forph@msf : A — B,g: B — C
andh : C — Ditholds:ho (go f) = (hog)o f.

* For every objectA € Obj(C) there is the identity morphisral 4 with the properties
foidgy = fandidgo f = fforall f: A — B.

There are two operations assigning to e&harrow f a C -objectdom(f) and aC -objec

codom(f). If A =dom(f)andB = codom(f) we display thisag : A — Bor A L B

— p.16P



Typed Categories

A typed categoryI' consists of:
* a collection of object®)b;(T)
* a set of arrow types denoted By-rT'ypes(T)
* a set of object types denoted &% ;jTypes(T)

* amaprr : Obj(T) — P(ObjTypes(T)) assigning to each object in
Obj(T) a set of object types whef(ObjTypes(T))

* and for each triplé A, B, t) with A, B € Obj(T) andt € ArrTypes(T)
a set ofT'-morphismsMor, (A, B) (We call f € Mor;(A, B) atyped
morphism from Ato B and writ¢ : A —; B)

* the composition is defined typewise.

D —p.A7R



Typed Subcategory

Fort € ArrTypes(T) the categon, is called a typed subcategory ®fif
the following holds:

* EveryS; object is dI'-object.

* For A € Obj(S;) the set of object types if;, 7s, (A) equals the set of
object typesr(A)inT .

* For A,B € Obj(S;) the set of morphisms from A to B if; is a subset @
the set of'-morphisms of type t denoted by or; (A, B).

S; is called a full typed subcategory @f if for all S; objects A, B it holds: th

set of morphisms it8; from A to B equals the set df’'-morphisms of type

denoted byMor:(A, B) .

, D —p.18r



Typed Functor

Let M AS; andM AS; be two typed Categories. A typed functor

F: MAS; — MAS, assigns to every objeet € Obj(M AS;) an object
F(A) € Obj(MAS;), to every arrow type € ArrTypes(MAS;) an arrow
type F'(t) € ArrTypes(M AS;), to every object type € ObjTypes(MAS;)
an object type'(o) € ObjTypes(M AS;) and to every typed morphism
f:A—; Boftype tamorphisnt'(f) : F'(A) — g £(B) such that for
morphismsf : A —; B,g: B —; C,id4 andA € Obj(MAS;) it holds:

* F(gof)=F(g)oF(f)
- F(’idA) — idF(A)

* F(mamas; (A) € Taas; (F(A))

D —p. 19



Definition Pushout

The diagram (1) is called a pushout (or fibred coproduct) sjiid commutes (i.e.
g’ o f = f/ o g) and for any commuting square (i.¢/ o f = f/ o ¢g) of the form (2) there
exists a unique morphisi: D — D’ such that the diagram (3) commutes (g€. = k o g’ anc

" =ko f).

f f f
A——B A——B A——
gl (1) \LQ/ gl (2) \Lg” g (3)
C ——D C ——D C ——
£ £ !
f

As an example of a pushout situation we consider two morphiarthe categornsET
f:A— Bandg: A— C, apushoutirSET is obtained by forming the disjoint uniaB;;C
and then identifyingf (x) with g(x) for all x € A.

— p.20P



Pushout Construction

GaT

. ArrTypes(I) > ArrTypes(K)
AT AT

e Giﬁl — TK
ArrTypes(J) ‘ —> ArrTypes(PO)

|7TJ - Arr(I) _ —— Arr(K)
Arr(J) %J Arr(PO) J J
L codom g

dom_rl/ \Lcodomf G § dom g
J J Obj(I) ———— Obj(K)
dom j

COdgi(n?J/ G{/ dompo V \;(COd%gP/O
Obj(J) - f Ovj(PO)

Arpo
Ga

J B(ObjTypes(I)) Gm B(Obj Types(K))
TJ P%Lf/// o TPC)V Pai(///
B(ObjTypes(.J)) —— P(ObjTypes(PO))

Componentwise Pushout Visualization

D —p.217



MAS

There is no general definition for Agent or Multiagent Syster
(MAS).

Typical characteristics:
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MAS

There is no general definition for Agent or Multiagent Syster
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Typical characteristics:

 ”... agents are computational systems that inhabit some
complex dynamic environment senseandact
autonomouslyin this environment, and by doing so reali.
a set ofgoalsor tasks for which they are designed.”
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MAS

There is no general definition for Agent or Multiagent Syster
(MAS).

Typical characteristics:

 ”... agents are computational systems that inhabit some
complex dynamic environment senseandact
autonomouslyin this environment, and by doing so reali.
a set ofgoalsor tasks for which they are designed.”

* "An agent is a computer system thatisuated in some
environment and, that is capable efutonomous actionin
this environment to meet ist design objectives”
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