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CAT Modelling of MAS
Category Theory : Unifying mathematical modeling language

with manyconstructive features.

• The general communication and cooperation structure is

represented in a so called base diagram of the MAS.
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CAT Modelling of MAS
Category Theory : Unifying mathematical modeling language

with manyconstructive features.

• The general communication and cooperation structure is

represented in a so called base diagram of the MAS.

• Each base diagram forms a typed category.

• Typed objects represent agents.

• Object types represent properties of agents.

• Typed morphism represent different relations

(communication in general) between the agents.
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Base Diagrams as Categories
Let R ⊂ X × X denote a general relation. We associate with it the category

denoted byPATH(X,R), PATH(X) or justPATH .
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Base Diagrams as Categories
Let R ⊂ X × X denote a general relation. We associate with it the category

denoted byPATH(X,R), PATH(X) or justPATH .

• Objects: the elementsx ∈ X.

• Arrows, Morphisms: sequences (paths) of adjacent arrows.

This naturally definescomposition of arrows.
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Base Diagrams as Categories
Let R ⊂ X × X denote a general relation. We associate with it the category

denoted byPATH(X,R), PATH(X) or justPATH .

• Objects: the elementsx ∈ X.

• Arrows, Morphisms: sequences (paths) of adjacent arrows.

This naturally definescomposition of arrows.

There is a morphism (1) iffxRy. For arrowsx → y andy → z there is no

“direct arrow” in general (2)x → z.

(2) x // y
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Base Diagrams as Categories
Let R ⊂ X × X denote a general relation. We associate with it the category

denoted byPATH(X,R), PATH(X) or justPATH .

• Objects: the elementsx ∈ X.

• Arrows, Morphisms: sequences (paths) of adjacent arrows.

This naturally definescomposition of arrows.

There is a morphism (1) iffxRy. For arrowsx → y andy → z there is no

“direct arrow” in general (2)x → z. But a sequence (path) of consecutive

arrows (3)x → y → z.

(3) x //

~xyz
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y

����
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�

z
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Base Diagrams as Categories
Let R ⊂ X × X denote a general relation. We associate with it the category

denoted byPATH(X,R), PATH(X) or justPATH .

• Objects: the elementsx ∈ X.

• Arrows, Morphisms: sequences (paths) of adjacent arrows.

This naturally definescomposition of arrows.

There is a morphism (1) iffxRy. For arrowsx → y andy → z there is no

“direct arrow” in general (2)x → z. But a sequence (path) of consecutive

arrows (3)x → y → z.

The identity arrow for each object is an arrow of length 0.

Thus,PATH becomes acategory.
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Base Diagrams as Categories (2)
• An arbitrary binary relationR onX induces a correspondingArrow

Diagram D.
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Base Diagrams as Categories (2)
•• An arbitrary binary relationR onX induces a correspondingArrow

Diagram D.

• Every Arrow DiagramD can be interpreted as a category.

• A Multiagent System has a set of relations. (e. g."dominant agents",

"power criteria", "skills/qualification").

• The different relations in a MAS are represented by differenttypes of

arrows in the base diagram.

•

Example base Diagram:MAS

a

e
c

b

d

One relation (one arrow-type)
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Base Diagrams as Categories (2)
• An arbitrary binary relationR onX induces a correspondingArrow

Diagram D.

• Every Arrow DiagramD can be interpreted as a category.

• A Multiagent System has a set of relations. (e. g."dominant agents",

"power criteria", "skills/qualification").

• The different relations in a MAS are represented by differenttypes of

arrows in the base diagram.

•

Example base Diagram:MAS

a

e
c

b

d

Two relations (two arrow-types)
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Base Diagrams as Categories (2)
• An arbitrary binary relationR onX induces a correspondingArrow

Diagram D.

• Every Arrow DiagramD can be interpreted as a category.

• A Multiagent System has a set of relations. (e. g."dominant agents",

"power criteria", "skills/qualification").

• The different relations in a MAS are represented by differenttypes of

arrows in the base diagram.

•

Example base Diagram:MAS

a

e
c

b

d

Three relations (three arrow-types)
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Typed Categories
A typed categoryT consists of:

• objects

• arrow types

• object types

• a map assigning to each object a set of object types

• a set of arrows for each tripple

(arrowtype,domain,codomain)

• the composition is defined typewise.

We define:

Typed Subcategories and Typed Functors.Definition
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The CategoryMAS

Category of all small (set of objects) categories Cat. Functors

act as morphisms between categories.

We can build the CategoryMAS

• Objects: Base Diagrams of MAS (typed categories)

• Morphisms: Covariat typed functors

a1

b1,2

d

a1,2

b1,2

c1 d2
MASi MASj

F
−→

arrows for dominance relation
arrows for communication relation
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MASMorphism
A MAS morphismF : MASi → MASj is a quadruple

F = (FAT , FA, FO, FP) of maps:

ArrTypes(MASi)

(1)

FAT // ArrTypes(MASj)

Arr(MASi)

(2)domMASi
��

codomMASi
��

FA //

πMASi

OO

Arr(MASj)

domMASj
��

codomMASj
��

πMASj

OO

Obj(MASi)

(3)

FO //

τMASi
��

Obj(MASj)

τMASj

��
P(ObjTypes(MASi))

FP // P(ObjTypes(MASi))

In this categorypushoutsexist.
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DPO Approach
In MAS aMAS -productionp = (pl, pr) is defined as a pair of

MAS morphisms with common domain.

L MASI
pl

oo pr

// R
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DPO Approach
In MAS aMAS -productionp = (pl, pr) is defined as a pair of

MAS morphisms with common domain. Given aMAS

-productionp, aMAS objectMASl and aMAS morphism

m : codom(pl) → MASl, called match, defines a

L

m

��

MASI
pl

oo pr

// R

MASl
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DPO Approach
In MAS aMAS -productionp = (pl, pr) is defined as a pair of

MAS morphisms with common domain. Given aMAS

-productionp, aMAS objectMASl and aMAS morphism

m : codom(pl) → MASl, called match, defines a direct

transformation step.MASl ⇒ MASr.

L

m

��

MASI

g

��

pl

oo pr

// R

gr

��
MASl MASC

p−r

//p−l

oo MASr

This diagram illustrates a Double Pushout, for more detailswe

refer to the book "Fundamentals of Algebraic Graph Transforma-

tion".
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Example (1)
Based on four relations that change while the MAS performs its

task five productions are defined that model the application
conditions of actions and the actions.

pcl pcr

procuctionpc = (pcl, pcr)

pdXl pdXr

productionpdX = (pdXl, pdXr)

pdY l pdY r

productionpdY = (pdY l, pdY r)

pbal pbar

productionpba = (pbal, pbar)

peal pear

productionpea = (peal, pear)

a1a1

a1a1 a1

a1a1a1a1 a1

a1a1a1

a1,3

a1,3

b2b2b2

b2b2

b2b2b2b2b2

b2b2b2 b2,3

b2,3

c2,3c2,3c2,3

c2,3c2,3

c2c2 c2

c2 c2c2c2
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Example (2)
Application of productionpdX to a givenMAS object.

a1a1 a1

b2,3 b2 b2c2,3c2,3 c2,3

a1,3a1,3 a1,3

e1 e1e1 c2,3c2,3 c2,3

b1,2,3 b1,2b1,2 d2d2 d2
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Example (2)
Application of productionpdX to a givenMAS object.

a1a1 a1

b2,3 b2 b2c2,3c2,3 c2,3

a1,3a1,3 a1,3

e1 e1e1 c2,3c2,3 c2,3

b1,2,3 b1,2b1,2 d2d2 d2
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Example (3)
System run: initialMAS object S0. The productions are applied
together with suitable matches.

S0
a1,3

b1,2,3

e1 c2,3 d2
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Example (3)
System run: initialMAS object S0. The productions are applied
together with suitable matches.

S0 S1

a1,3
a1,3

b1,2,3
b1,2,3

e1
e1 c2,3

c2,3 d2
d2 ⇒

pc,pc
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Example (3)
System run: initialMAS object S0. The productions are applied
together with suitable matches.

S0 S1 S2

a1,3
a1,3

a1,3

b1,2,3
b1,2,3

b1,2

e1
e1

e1c2,3
c2,3

c2,3d2
d2

d2
⇒
pc,pc

⇒
pdX
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Example (3)
System run: initialMAS object S0. The productions are applied
together with suitable matches.

S0 S1 S2

S3

a1,3
a1,3

a1,3

a1,3

b1,2,3
b1,2,3

b1,2

b1,2

e1
e1

e1

e1c2,3
c2,3

c2,3

c2

d2
d2

d2

d2
⇒
pc,pc

⇒
pdX

⇓pdY

CAT MAS, Typed Categories,MAS ,Example,Outlook,TD – p.13/??



Example (3)
System run: initialMAS object S0. The productions are applied
together with suitable matches.

S0 S1 S2

S3S4

a1,3
a1,3

a1,3

a1,3

a1

b1,2,3
b1,2,3

b1,2,3
b1,2

b1,2

e1
e1

e1e1

e1c2,3
c2,3

c2,3

c2,3

c2

d2
d2

d2d2

d2
⇒
pc,pc

⇒
pdX

⇓pdY

⇐
pba
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Example (3)
System run: initialMAS object S0. The productions are applied
together with suitable matches.

S0 S1 S2

S3S4S5

a1,3
a1,3

a1,3
a1,3

a1,3

a1

b1,2,3
b1,2,3

b1,2,3 b1,2,3
b1,2

b1,2

e1
e1

e1
e1e1

e1c2,3
c2,3

c2,3 c2,3

c2,3

c2

d2
d2

d2
d2d2

d2
⇒
pc,pc

⇒
pdX

⇓pdY

⇐
pba

⇐
pea
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Conclusion and Outlook

• The concept ofMAS transformations is a natural way to

describe changes in the base diagram of Multiagent Systems.

• It is independent of the implementation of the agents.

• We analyze MAS on the basis of their cooperation and

communication structures.

• Actions and their application conditions in a MAS are

described by productions inMAS .
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Conclusion and Outlook (2)
• ’Relational Fibering’ to model local global interactions in

the relational structure of a MAS.

• A first application of this approach is to compute

subcategories of a MAS on demand, by taking the collection

of the fibers over a defined set of agents as a starting point.

• Limits and colimits of Multiagent Systems for different

morphism types (universal communicator).

• Action Planning.
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Category
A categoryC consists of a class of objects denoted byA, B, C, ... ∈ Obj(C). For each pair of

objectsA, B there is a set of morphisms,Mor(A, B), also denoted byC(A, B) (the "arrows"

between A and B).C(A1, B1) andC(A2, B2) are disjoint unlessA1 = A2 andB1 = B2.

(Note thatMor(A, B) can be empty). There is a composition operation on morphisms: if

f : A → B andg : B → C are morphisms, then there is a morphismg ◦ f : A → C, the

composition off andg. In a category the following axioms have to hold.

• The composition of morphisms is associative, that is for morphismsf : A → B, g : B → C

andh : C → D it holds:h ◦ (g ◦ f) = (h ◦ g) ◦ f .

• For every objectA ∈ Obj(C) there is the identity morphismidA with the properties

f ◦ idA = f andidB ◦ f = f for all f : A → B.

There are two operations assigning to eachC -arrow f a C -objectdom(f) and aC -object

codom(f). If A = dom(f) andB = codom(f) we display this asf : A → B or A
f
→ B.
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Typed Categories
A typed categoryT consists of:

• a collection of objectsObj(T)

• a set of arrow types denoted byArrTypes(T)

• a set of object types denoted byObjTypes(T)

• a mapτT : Obj(T) → P(ObjTypes(T)) assigning to each object in

Obj(T) a set of object types whereP(ObjTypes(T))

• and for each triple(A, B, t) with A, B ∈ Obj(T) andt ∈ ArrTypes(T)

a set ofT-morphismsMort(A, B) ( We callf ∈ Mort(A, B) a typed

morphism from A to B and writef : A →t B)

• the composition is defined typewise.

back
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Typed Subcategory
For t ∈ ArrTypes(T) the categorySt is called a typed subcategory ofT if

the following holds:

• EverySt object is aT-object.

• For A∈ Obj(St) the set of object types inSt, τSt
(A) equals the set of

object typesτT(A) in T .

• For A,B∈ Obj(St) the set of morphisms from A to B inSt is a subset of

the set ofT-morphisms of type t denoted byMort(A, B).

St is called a full typed subcategory ofT if for all St objects A, B it holds: the

set of morphisms inSt from A to B equals the set ofT-morphisms of type t,

denoted byMort(A, B) . back
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Typed Functor
Let MASi andMASj be two typed Categories. A typed functor

F : MASi → MASj assigns to every objectA ∈ Obj(MASi) an object

F (A) ∈ Obj(MASj), to every arrow typet ∈ ArrTypes(MASi) an arrow

typeF (t) ∈ ArrTypes(MASj), to every object typeo ∈ ObjTypes(MASi)

an object typeF (o) ∈ ObjTypes(MASj) and to every typed morphism

f : A →t B of type t a morphismF (f) : F (A) →F (t) F (B) such that for

morphismsf : A →t B , g : B →t C, idA andA ∈ Obj(MASi) it holds:

• F (g ◦ f) = F (g) ◦ F (f)

• F (idA) = idF (A)

• F (τMASi
(A)) ⊆ τMASj

(F (A))

back
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Definition Pushout
The diagram (1) is called a pushout (or fibred coproduct) square if it commutes (i.e.

g′ ◦ f = f ′
◦ g) and for any commuting square (i.e.g′′ ◦ f = f ′′

◦ g ) of the form (2) there

exists a unique morphismk : D → D′ such that the diagram (3) commutes (i.e.g′′ = k ◦ g′ and

f ′′ = k ◦ f ′).

A

(1)

f //

g

��

B

g′

��
C

f ′

// D

A

(2)

f //

g

��

B

g′′

��
C

f ′′

// D′

A

(3)

f //

g

��

B

g′

�� g′′

��

C
f ′

//

f ′′ ,,

D

k

  A
AA

AA
AA

A

D′

As an example of a pushout situation we consider two morphisms in the categorySET
f : A → B andg : A → C, a pushout inSET is obtained by forming the disjoint unionB∐

C

and then identifyingf(x) with g(x) for all x ∈ A.

back
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Pushout Construction

ArrTypes(I)
GAT //

FAT

vvmmmmm
ArrTypes(K)

F ′

AT

vvmmmmm

ArrTypes(J)
G′

AT // ArrTypes(PO)

Arr(I)

πI

OO

domI �� codomI��

GA //
FA

vvmmmmm
Arr(K)

πK

OO

domK �� codomK��

F ′

A

vvmmmmm

Arr(J)

πJ

OO

domJ �� codomJ��

G′

A // Arr(PO)

πP O

OO

domP O �� codomP O��

Obj(I)
GO //

τI

��

FO

vvmmmmm
Obj(K)

F ′

O

vvmmmmm

τK

��

Obj(J)
G′

O //

τJ

��

Obj(PO)

τP O

��

P(ObjTypes(I))
GP //

FPvvmmmmm
P(ObjTypes(K))

F ′

Pvvmmmmm

P(ObjTypes(J))
G′

P // P(ObjTypes(PO))

Componentwise Pushout Visualizationback
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MAS
There is no general definition for Agent or Multiagent System

(MAS).

Typical characteristics:
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There is no general definition for Agent or Multiagent System

(MAS).

Typical characteristics:

• ”... agents are computational systems that inhabit some

complex dynamic environment, senseandact
autonomouslyin this environment, and by doing so realize

a set ofgoalsor tasks for which they are designed.”
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MAS
There is no general definition for Agent or Multiagent System

(MAS).

Typical characteristics:

• ”... agents are computational systems that inhabit some

complex dynamic environment, senseandact
autonomouslyin this environment, and by doing so realize

a set ofgoalsor tasks for which they are designed.”

• ”An agent is a computer system that issituated in some

environment and, that is capable ofautonomous actionin

this environment to meet ist design objectives”
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