Sets

A set S is a collection of different objects, the
elements of S

We write x € S for "X is an element of §’

A set can’ be specified by
(1) listing its elements, e.g. S = {l,3,7,18}
(2) specifying a property, e.g.S = {x | P(x)}

Sets can be finite e.g. {#, *®} or infinite e.g. N

The set with no elements is the empty set,
notation &

The number’ of elements in a set S is the
cardinality of S, notation |[S]



Sets

A set S is a collection of different objects, the
elements of S

We write x € S for "X is an element of §’

P is a proposition
over X, which is

A set can’ be specified by
(1) listing its elements, e.g. S = {l,3,7,18}
(2) specifying a property, e.g.S = {x | P(x)}

true or false

Sets can be finite e.g. {#, *®} or infinite e.g. N

The set with no elements is the empty set,
notation @

The number’ of elements in a set S is the
cardinality of S, notation |[S]



Sets - properties

® All elements of a set are different
® The elements of a set are not ordered

® The same set can be specified in different ways, e.g.
{1,2,3,4},{2,3,1,4},{i|ie N and 0 < i < 5}
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Subsets, equality

Def. A C B iff all elements of A are elements of B
[iff foralla,ifae A, thenaeB]

[iff Ya(ae A= aeB)]

quantifier

logical
connective

Def. A=B ifACBand B CA

Def. AcB iffACBandA #B
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Operations on sets

Def. Union AuB={x|xeAorxeB}
A AuB B
Def. Intersection AnB={x|xeAandx e B}
A and B are if AnB=0 A Ane B
Def. Difference A\B={x|xeAandx ¢ B}
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Operations on sets

Def. Union AuB={x|xeAorxeB}
A AuB B
Def. Intersection AnB={x|xeAandx e B}
A and B are if AnB=0 A Ane B
Def. Difference A\B={x|xeAandx ¢ B}
A A\B B

Def. Direct product

Eemeeng) * ¢ by
ordered pairs
Def. Powerset P(A) = {X | X C A}
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sPeP?

Contradiction!



Russell’s paradox

Let P be the set of all sets that are not an
element of itself

Hence,P = { x | x ¢ x}
sPeP?

Contradiction!

The need for a universal set U

S ={x | x € U and P(x)}
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Operations on sets

Def. Difference A\B={x|xeAandx ¢ B}

Given a universal set U

A A\B
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Operations on sets

Def. Difference A\B={x|xeAandx ¢ B}
A A\B
Def. Complement Ac={x|x e Uandx ¢A}
U

A Ac
Hence A<= U\A
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Properties of sets

. @ C X

. f XCYandY C Z,then X C Z

. XnYcX XnYcCY

. XS XuY, YT XuY

IN

X CY and X7 €Y7 then X' n X" C Y ' nY”

. XnY=Xiff XCY

. X n X=X (idempotence)

. X u X =X (idempotence)

2
3
4
5
6. X CY and X” CY",then X’ uX” C Y uY”
7
8
9
|

0.XnNno=02 ,




Properties of sets

1. Xuveo=X

12. X nY =Y n X (commutativity)

13. X uY =Y u X (commutativity)

14. Xn (Y nZ) =(XnY)n Z (associativity)

15. Xu(YuZ) =(XuY)u Z (associativity)

16. X n (X uY)=X (absorption)

7. Xu(XnY)=X (absorption)

18. Xn(YuZ) =(XnY)u (X nZ) (distributivity)
19. Xu(YnZ) =(XuY)n (XuZ) (distributivity)
200 X\ Yc X g




Properties of sets

2. X\ Y)nY =92

22. XuY=Xu (Y\X)

23. X\ X=9

24. X\g=X

25. 9\ X =97

26. If X CY,then X\Y =9

27. (X9 = X

28. (X nY)e=XcuYe (De Morgan)

29. (XuY)e=XenYe (De Morgan)

30 Xx@=0

3. o xX=0O

32. I[f X €Y, then 2(X) € 2(Y)




