Product of multiple sets

Direct product

A x B ={(x,y) | x e Aand y € B}

Therefore, we define
A x B x C =7SEVNIEI and y € B and z € C}

then the product is
denoted A"

sequence of

In general, forg€ts A, Ay, ..., An with n =1, length n

Al xArx .. xAn=[licisn Ai= {(X1,X2,...%n) | Xi €Aifor | <i < n}



Relations

Def. If A and B are sets, then any subset R C A x B
is a (binary)_relation between A and B

similarly, unary relation
(subset), n-ary relation...

Def. RisarelationonA if RCAXA

some relations are special



Special relations

A relation R C A x A is:

reflexive iff forallaeA (a,a) e R

symmetric iff foralla,beAif (a,b) € R,then (b,a) € R

transitive iff forall a,b,c € A,if (a,b) € R and (b,c) € R,
then (a,c) € R

irreflexive iff forallaeA (a,a) R

antisymmetric iff  for all a,b € A,if (a,b) € R and (b,a) € R
thena=b>b

asymmetric  iff foralla,b € A if (a,b) € R, then (b,a) ¢ R

total iff foralla,b €A, (a,b) e Ror (ba)eR

(infix) notation aRb for (a,b) € R




Special relations

A relation R onA,i.e, R CA xA'is;

equivalence  iff R is reflexive, symmetric, and transitive
partial order iff R is reflexive, antisymmetric, and transitive
strict order  iff R is irreflexive and transitive

preorder iff R is reflexive and transitive

total (linear)
order iff Risa total partial order



Obvious properties

|. Every partial order is a preorder.
2. Every total order is a partial order.

3. Every total order is a preorder.

4. 1f R € A XA is arelation such that there are a, b € A with
a # b, (a,b) € R and (b,a) € R,

then R is not a partial order, nor a total order, nor a strict
order.



Operations on relations

Let R CAxBandS C B x C be two relations. Their composition is
the relation

RoS={(ac) cAxC|thereisb e Bs.t.(a,b) € R and (b,c) € S}

relational composition is associative (R © S) ©T = R ©(S OT) SO again we write

R"=RORO©..OR
n times

Let R € A x B be a relation. The inverse relation of R is the
relation

R-'={(b,a) e BxA| (a,b) € R}



Characterizations

Lemma: Let R be a relation over the set A. Then

|. R is reflexive iff Aa C R
2. Ris symmetric iff R C R
3. Ris transitive iff R2C R



