Special relations

A relation R C A x A is:

reflexive iff forallaeA (a,a) e R

symmetric iff foralla,b €A if (a,b) € R, then (b,a) € R

transitive iff forall a,b,c € A,if (a,b) € R and (b,c) € R,
then (a,c) € R

irreflexive iff forallaeA (aa) R
antisymmetric iff  for all a,b € A,if (a,b) € R and (b,a) € R
thena=b>b

asymmetric iff foralla,b €A if (a,b) € R, then (b,a) ¢ R
total iff foralla,b €A, (a,b) e Ror (ba)eR
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Special relations

A relation R onA,i.e, R CA xA'is;

equivalence  iff R is reflexive, symmetric, and transitive
partial order iff R is reflexive, antisymmetric, and transitive
strict order  iff R is irreflexive and transitive

preorder iff R is reflexive and transitive

total (linear)
order iff Risa total partial order



Obvious properties

|. Every partial order is a preorder.
2. Every total order is a partial order.

3. Every total order is a preorder.

4.1f R € A xA is arelation that contains cycles,

i.e. there are a,b € A such thata # b, (a,b) € R and (b,a) € R,
then R is not a preorder, nor a partial order, nor a total order.



Operations on relations

Let R CAxBand S C B x C be two relations. Their composition is
the relation

RoS={(ac)sAxC]|thereisb e Bs.t.(a,b) € R and (b,c) € S}
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Operations on relations

Let R CAxBandS C B x C be two relations. Their composition is
the relation

RoS={(ac) cAxC|thereisb e Bs.t.(a,b) € R and (b,c) € S}

relational composition is associative (R © S) ©T = R ©(S OT) SO again we write
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n times

Let R € A x B be a relation. The inverse relation of R is the
relation

R-'={(b,a) e BxA| (a,b) € R}



Characterizations

Lemma: Let R be a relation over the set A. Then

|. R is reflexive iff Aa C R
2. Ris symmetric iff R C R
3. Ris transitive iff R2C R
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Def. For a natural number n, the relation =,, is defined as

i =.j iff n|j-i
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Important equivalence
on /.

Def. For a natural number n, the relation =, is defined as

i =n) iff n]j-i
[iff j-i is a multiple of n ]
[iff there exists k € Z s.t.j-i = k-n ]
[iff dk(keZ Aj-i=k-n)]

logical formula

quantifier

logical
connhective

Lemma: The relation =, is an equivalence for every n.



Equivalences classes

Def. Let R be an equivalence over A and a € A. Then

[alr ={b €A (a,b) € R}
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Equivalences classes

Def. Let R be an equivalence over A and a € A. Then

[a]R — { beA | (a, b) = P\} the equivalence

class of a

Lemma EI: Let R be an equivalence over the set A. Then
foralla,b € A, [a]Jr = [b]Jr or [a]r n [b]Jr= T

Describe the equivalence classes of =,
How many classes are there!



