Properties of sets
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Xy CYrand X2 €Yo, then Xin X2 € Yin Y

. XnY=Xiff XCY

. X n X=X (idempotence)
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Properties of sets

1l. Xug =X

12. X nY =Y n X (commutativity)

13. X uY =Y u X (commutativity)

14. Xn (Y nZ) =(XnY)n Z (associativity)

5. Xu(YuZ) =(XuY)u Z (associativity)

|6. X n (X uY)=X (absorption)

7. Xu(XnY)=X (absorption)

18. Xn(YuZ) =(XnY)u (X nZ) (distributivity)
19. Xu(YnZ) =(XuY)n (XuZ) (distributivity)

20.

X\YcX




Properties of sets

2. X\ Y)nY =92

22. XuY = Xu (Y \X)

23. X\ X=9

24. X\g =X

25. o9\ X =0

26. If X CY,then X\Y =0

27. (X)c=X

28. (X nY)=XuY® (De Morgan)

29. (XuY) =XnY® (De Morgan)

30 Xx@=0

3. o xX=0O

32. If X €Y, then 2(X) C 2(Y)
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Product of multiple sets

Direct product

A x B ={(x,y) | x e Aand y € B}
ordered pairs

Therefore, we define
A x B x C =E7SEVNIEI and y € B and z € C}

then the product is
denoted A"

sequence of

In general, forg€ts A, Ay, ..., An with n =1, length n

Al xAr X .. xAn=[li<i<n Ai= {(XI1,X2,...%n) | Xi €eAifor | <i < n}
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Finite sequences, words

no element of A is a

LetA be a set, an aphabet prefix of another element
b
of A

the empty

Al = {E} sequence (word)

sequences
no confusion! (words) of length

n=|l over A

= {a|az...an\ sicAfor | <i =< n}

. all nonempty finite
A* ={w|w e Alfor somei =} words over A

A" ={w|w €Al for somei =0} =A* UAO

all finite words

over A
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Relations

Def. If A and B are sets, then any subset R CAxB
is a (binary)_relation between A and B

similarly, unary relation
(subset), n-ary relation...

Def. Ris arelation on A if R CA XA

some relations are special



Special relations

A relation R C A x A is:

reflexive iff forallaeA (a,a) eR
symmetric iff foralla,b eAif (a,b) € R, then (b,a) € R
transitive iff forall a,b,c € A,if (a,b) € R and (b,c) € R,
then (a,c) e R
irreflexive iff forallaeA (a,a) R
antisymmetric iff forall a,b € A,if (a,b) € R and (b,a) € R
thena =b

asymmetric  iff foralla,b € A if (a,b) € R, then (b,a) ¢ R
total iff forallabeA (a,b) e Ror(ba) eR



Special relations

A relation R C A x A is:

reflexive iff forallaeA (a,a) eR

symmetric iff foralla,b eAif (a,b) € R, then (b,a) € R

transitive iff forall a,b,c € A,if (a,b) € R and (b,c) € R,

then (a,c) e R

irreflexive iff forallaeA (a,a) R

antisymmetric iff  for all a,b € A,if (a,b) € R and (b,a) € R
thena =b

asymmetric  iff foralla,b € A, if (a,b) € R, then (b,a) ¢ R

total iff forallabeA (a,b) e Ror(ba) eR

(infix) notation aRb for (a,b) € R



Special relations

A relation R on A,i.e., R C A xA is:

equivalence iff R is reflexive, symmetric, and transitive
partial order iff R is reflexive, antisymmetric, and transitive
strict order iff R is irreflexive and transitive

preorder iff R is reflexive and transitive

total (linear)
order iff Risatotal partial order



Obvious properties

|. Every partial order is a preorder.
2. Every total order is a partial order.

3. Every total order is a preorder.

4.1f R € A xA is a relation that contains cycles,

i.e. there are a,b € A such thata = b, (a,b) € R and (b,a) € R,
then R is not a preorder, nor a partial order, nor a total order.
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Let R CAxBandS € B x C be two relations. Their composition is
the relation

RoS={(ac)csAxC|thereisb e Bs.t.(a,b) € R and (b,c) € S}
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Operations on relations

Let R CAx BandS C B x C be two relations. Their composition is
the relation

RoS={(ac) cAxC|thereisb e Bs.t.(a,b) € R and (b,c) € S}

relational composition is associative (R © S) ©T = R O(S ©T) SO again we write

R"=RORO..OR
n times

Let R € A x B be a relation. The inverse relation of R is the

relation
R-' ={(b,a) e BxA| (a,b) € R}



Characterizations

Lemma: Let R be a relation over the set A. Then

|. R is reflexive iff Aa C R
2. Ris symmetric iff R C R
3. Ris transitive iff R2C R
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Important equivalence
on /.

Def. For a natural number n, the relation =, is defined as

i =nj iff n|i-j
[iff i-j is a multiple of n ]
[iff there exists k € Z s.t.i-j = k-n ]

[iff dk.(keZ Ai-j=k- n)

Lemma: The relation =, is an equivalence for every n.

. quantifier
logical

connective



