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Action-type coalgebras
A coalgebra (on Set, of type F) Is a pair

(S,a: S — FS)

for F a Set endofunctor
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Action-type coalgebras

*  bifunctor = functor

F : Set x Set — Set
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Action-type coalgebras

*  bifunctor = functor
F : Set x Set — Set

e F - bifunctor, A - fixed set
= F4 - Set endofunctor,

FA(S) — f(A7 S)a

Faf = Flida f), f: ST
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Action-type coalgebras

*  bifunctor = functor
F : Set x Set — Set

e F - bifunctor, A - fixed set
= F 4 - Set endofunctor,

fA(S) — f(A7 S)a

Faf =F(da, f), [: 5 =T
* an action-type coalgebra of type F4 Is a triple

(S, A, a: S — Fa(S))
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Coalgebraic bisimulation

A bisimulation between two JF 4-coalgebras
(S, A,a) and (T, A, () is a relation

RCSxT

such that there exists an F4-coalgebra structure
v on R making
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Coalgebraic bisimulation

A bisimulation between two JF 4-coalgebras
(S, A,a) and (T, A, () is a relation

RCSxT

such that there exists an F 4-coalgebra structure
~v on R making
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Coalgebraic bisimulation

A bisimulation between two JF 4-coalgebras
(S, A,a) and (T, A, () is a relation

RCSxT

such that there exists an F 4-coalgebra structure
~v on R making

1 79

S R T

o Y 15,
fis am ]—"iR T F£T

s ~ t - bisimilarity, as usual ...
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Labelled transition systems

LTSisatriple( S, A, - C SxAxS)
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Labelled transition systems

LTS |satr|ple C SxAxS)
states

acUons
transmon relation

S1 % S9 fOr 81, a, 82
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Labelled transition systems

LTS |satr|ple C SxAxS)
states

acUons
transmon relation

S1 % S9 fOr 81, a, 82

Example:
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Labelled transition systems

LTS |satr|ple C SxAxS)
states

acUons
transmon relation

S1 % S9 fOr 81, a, 82

Note: LTS (S, A,—) = L4 coalgebra (S, A, o) for
the bifunctor £ = P(Z x Z) with

(a,8') € a(s) <= s>
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Strong bisimulation for LTS

(S, A, —) - LTS
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Strong bisimulation for LTS

(S, A,—) - LTS

An equivalence R C S x S'Is a strong
bisimulation If

(s,t) € R =
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Strong bisimulation for LTS

(S, A,—) - LTS

An equivalence R C S x S'Is a strong
bisimulation If

(s,t) € R =
s s =3t (& ¢)ER
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Strong bisimulation for LTS

(S, A,—) - LTS

An equivalence R C S x S'Is a strong
bisimulation If

(s,t) € R =

s =3t (& ¢)ER

_

transfer condition
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Strong bisimulation for LTS

(S, A,—) - LTS

An equivalence R C S x S'Is a strong
bisimulation If

(s,t) € R =

s =3t (& ¢)ER

_

transfer condition

~1s - Strong bisimilarity
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Characterizing bisimulation

* RC S xT, F-functor, =¢ p - lifting

T=rrY < Jz€ FR: Fmi(z) =z, Fmy(z) =y
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Characterizing bisimulation

* RC S xT, F-functor, =¢ p - lifting
T=rrY < Jz€ FR: Fmi(z) =z, Fmy(z) =y

e R C S x T -bisimulation between (S, A, a)
and (T, A, ) iff

<8,t> c R= 04(8) =F..R 5(?5)
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Characterizing bisimulation
*RC S xT, F -functor, = p - lifting
T=rrY < Jz€ FR: Fmi(z) =z, Fmy(z) =y

e R C S x T -bisimulation between (S, A, a)
and (T, A, ) iff

<8,t> c R= 04(8) =F..R 5(?5)

o If F w.p. total pullbacks and R - equivalence,
then = y Is the pullback of

FS—2EF(S/R)=— FS
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Weak bisimulation for LTS

(S, A, —) - LTS T € A - internal action
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Weak bisimulation for LTS

(S, A, —) - LTS T € A - internal action

R - equivalence weak bisimulation
transfer condition:

s s = t=>¢, (& ¢)ER
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Weak bisimulation for LTS

(S, A,—) - LTS T € A - internal action

R - equivalence weak bisimulation
transfer condition:

s s = t=>¢, (& ¢)ER

for = = 5% 50 5% and = = 5
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Weak bisimulation for LTS

(S, A,—) - LTS T € A - internal action

R - equivalence weak bisimulation
transfer condition:

s s = t=>¢, (& ¢)ER

a T

for = = 5*e K0 L* gnd = = Lo*

~T1s - weak bisimilarity for LTS
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Weak bisimulation - LTS

(S, A, o) = (S, A* o) = (S, (A\ 7))
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Weak bisimulation - LTS

(S, A, o) = (S, A* o) = (S, (A\ 7))

(a1 ...a,8") € d'(s) < (w,s") € a/(s)

for some w € a7 ... TFarT"
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Weak bisimulation - LTS

(S, A, o) = (S, A* o) = (S, (A\ 7))

then: s ~1TS t In <S, A, Oé>
Iff
s~t in UVod((S A a))
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Weak bisimulation - LTS

(S, A, o) = (S, A* o) = (S, (A\ 7))

then: s ~1TS t In <S, A, Oé>
Iff
s~t in UVod((S A a))

e weak boils down to strong !
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Weak bisimulation - F, coalgebras

two stages approach:

1. transform any F 4 coalgebra into G 4-
coalgebra, faithfully.

2. fixaset ™ C A of invisible actions, and hide
them in the G4+ coalgebra.
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Weak bisimulation - F, coalgebras

two stages approach:

1. transform any F 4 coalgebra into G 4-
coalgebra, faithfully.

2. fixaset ™ C A of invisible actions, and hide
them in the G4+ coalgebra.

result: "double-arrow” coalgebra
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Weak bisimulation - F, coalgebras

two stages approach:

1. transform any F 4 coalgebra into G 4-
coalgebra, faithfully.

2. fixaset ™ C A of invisible actions, and hide
them in the G4~ coalgebra.

result: "double-arrow” coalgebra

weak bisimulation = bisimulation for the
"double-arrow” coalgebra

Weak bisimulation — p.10/22



Weak bisimulation - F, coalgebras

,

(S,jl,oz) = (S, A*, o) ~~5 (S, (A\71)",a")

F 4- coalgebra

G 4+- coalgebra

Ga\r)+- coalgebra
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Weak bisimulation - F, coalgebras

o : F 5 G is a *-extension

* O((S, A, a)) = (S5, A%, a)
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Weak bisimulation - F, coalgebras

o : F 5 G is a *-extension

* O((S, A, a)) = (S5, A%, a)
* @ Is Injective
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* @ Is Injective
* preserves and reflects bisimilarity
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o : F 5 G is a *-extension

* O((S, A, a)) = (S5, A%, a)
* @ Is Injective
* preserves and reflects bisimilarity
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Weak bisimulation - F, coalgebras

Hiding internal actions = C A
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Weak bisimulation - F, coalgebras

Hiding internal actions 7 C A
the hiding function A, : A* — A, for
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Weak bisimulation - F, coalgebras

Hiding internal actions 7 C A
the hiding function A, : A* — A, for

A= (A\7)
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Weak bisimulation - F, coalgebras

Hiding internal actions 7 C A
the hiding function A, : A* — A, for

A, =(A\ 1)
Induces a natural transformation

N :Ga = Ga. g =G{hids)

Weak bisimulation — p.13/22



Weak bisimulation - F, coalgebras

Hiding internal actions 7 C A
the hiding function A, : A* — A, for

A, =(A\ 1)
Induces a natural transformation
77T : QA* —> QAT 77§ — g<h7, id5>

U Is the functor induced by n"
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Weak bisimulation - F, coalgebras

Hiding internal actions 7 C A
the hiding function A, : A* — A, for

A, =(A\ 1)
Induces a natural transformation
77T : QA* —> QAT 77§ — g<h7, id5>

U Is the functor induced by n”
"double-arrow coalgebra™ V.- ®((S, A, a))
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Weak bisimilarity, properties

Given®: FS3Gandr C A

s~,t In an F4 coalgebra
Iff
s~t In V_o.d ofthe F, coalgebra
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Weak bisimilarity, properties

Given®: FS3Gandr C A

§Rd-u
Iff
s~t 1IN

Properties:

an JF 4 coalgebra

v, - ® of the F4 coalgebra
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Weak bisimilarity, properties

Given®: FS3Gandr C A

§Rd-u
Iff
s~t 1IN

Properties:

o ~Y

an JF 4 coalgebra

v, - ® of the F4 coalgebra
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Weak bisimilarity, properties

Given®: FS3Gandr C A

§Rd-u
Iff
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o ~Y
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Weak bisimilarity, properties

Given®: FS3Gandr C A

s~,t In an F4 coalgebra
Iff
s~t In V_o.d ofthe F, coalgebra

Properties:
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Generative probabllistic systems

Generative system Is a triple
(S, A, P:SxAxS—|0,1])
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Generative probabllistic systems

Generative system Is a triple

<@Q S x AxS—[0,1])

actions probabilistic tr. rel.

alp
s1 — 8o for P(sq1,a,s9) = p
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Generative probabllistic systems

Generative system Is a triple

<@Q S x AxS—[0,1])

actions probabilistic tr. rel.

alp
s1 — 8o for P(sq1,a,s9) = p

Example:
al3]
ySQ 84
31\ . 55 N S6
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Generative probabllistic systems

Generative system Is a triple

<@Q S x AxS—[0,1])

actions probabilistic tr. rel.

alp
s1 — 8o for P(sq1,a,s9) = p

Note: g.s. (S, A, P) = G, coalgebra (S, A, «) for
the bifunctor G = D(Z x Z) + 1 with

a(s)(a,s') = P(s,a,s")

Weak bisimulation — p.15/22



Generative probabllistic systems

Generative system Is a triple

@, w>

actions probabilistic tr. rel.

alp
s1 — 8o for P(sq1,a,s9) = p

G =D(Z xTI)+ 1. D - distribution functor
DS =A{p:S5—=[0,1},pulS] =1}, plX] =2 cxn=)

Df : DS — DT, Df(p)(t) = plf~({t})]
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Strong and weak - generative

(S, A, P) - gen. system T € A - internal
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Strong and weak - generative

(S, A, P) - gen. system T € A - internal

R - equivalence strong bisimulaiton
transfer condition:

P(s,a,C) = P(t,a,C)

forC € S/Rand P(s,a,C) =>_ ..o P(s,a,s)
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Strong and weak - generative

(S, A, P) - gen. system T € A - internal

R - equivalence strong bisimulaiton
transfer condition:

P(s,a,C) = P(t,a,C)

R - equivalence weak bisimulaiton
transfer condition:

Prob(s, 7*ar*, C) = Prob(t, 7*ar™, C)

forCe S/Randa=aifae A\ {r}and 7 =¢
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Strong and weak - generative

(S, A, P) - gen. system T € A - internal

R - equivalence strong bisimulaiton
transfer condition:

P(s,a,C) = P(t,a,C)

R - equivalence weak bisimulaiton
transfer condition:

Prob(s, 7*ar*, C) = Prob(t, 7*ar™, C)

~GEN, ~GeN - Strong, weak bisimilarity
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Home for *-extensions

bifunctor G*
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Home for *-extensions

bifunctor G*

G*(A,S) = (P(A) x P(S) — [0,1])
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Home for *-extensions

bifunctor G*
G*(A,S) = (P(A) x P(S) — |0,1])
and

G'fivve(fit fh)
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Home for *-extensions

bifunctor G*

G*'(A,S)=(P(A) x P(S) — [0,1])
and

G frveve(fil fy)
for

f={(fi,fo): AxS—BxT

v: P(A) x P(S) — [0,1]



Home for *-extensions

bifunctor G*
G*(A,S) = (P(A) x P(S) — |0,1])
and

G frvve(fi fy)

Properties:

* G w.p. total pullbacks
it does not w.p. pullbacks
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Paths - generative systems

generative system (S, A, a) i.e. (S, A, P)
sets Paths(s), FPaths(s), CPaths(s)
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Paths - generative systems

generative system (S, A, a) i.e. (S, A, P)
sets Paths(s), FPaths(s), CPaths(s)

m =
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generative system (S, A, a) i.e. (S, A, P)
sets Paths(s), FPaths(s), CPaths(s)

m = 8%81

Weak bisimulation — p.18/22



Paths - generative systems

generative system (S, A, a) i.e. (S, A, P)
sets Paths(s), FPaths(s), CPaths(s)
m= S g S1 g S9
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Paths - generative systems

generative system (S, A, a) i.e. (S, A, P)
sets Paths(s), FPaths(s), CPaths(s)
m = 8%81 382
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Paths - generative systems

generative system (S, A, a) i.e. (S, A, P)
sets Paths(s), FPaths(s), CPaths(s)

m = 8%81 382 sk_lﬂsk
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Paths - generative systems

generative system (S, A, a) i.e. (S, A, P)
sets Paths(s), FPaths(s), CPaths(s)

m = 8%81 382 sk_lﬂsk
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Paths - generative systems

generative system (S, A, a) i.e. (S, A, P)
sets Paths(s), FPaths(s), CPaths(s)

m = 8%81 382 sk_lﬂsk

paths are ordered by prefix relation <
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Paths - generative systems

generative system (S, A, a) i.e. (S, A, P)
sets Paths(s), FPaths(s), CPaths(s)

T= 65258 38 -+ Sp_1—Ssp -+
paths are ordered by prefix relation <
m - finite: 7 1= {¢ € CPaths(s) | 7 < £}-cone
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Paths - generative systems
generative system (S, A, a) i.e. (S, A, P)
sets Paths(s), FPaths(s), CPaths(s)

m = 8%81 382 sk_lﬂsk

paths are ordered by prefix relation <
m - finite: 7 1= {¢ € CPaths(s) | 7 < £}-cone

[' - set of cones,

[' C P(CPaths(s))

Weak bisimulation — p.18/22



The measure Prob

on I' U {0} a function Prob is defined
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The measure Prob

on I' U {0} a function Prob is defined
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The measure Prob

on I' U {0} a function Prob is defined

form =585, 183,
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The measure Prob

on I' U {0} a function Prob is defined

form =538 -8, 153
and Prob()) = 0 and Prob(e) = 1
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The measure Prob

on I' U {0} a function Prob is defined

form =538 -8, 153
and Prob()) = 0 and Prob(e) = 1

then: Prob Is a pre-measure, and
It extends to a probability measure !
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Generative * - translation

(S;A,a: S —D(AxS)+1) -Gy coalgebra
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Generative * - translation

(S;A,a: S —D(AxS)+1) -Gy coalgebra
define ® : G = G* by

Weak bisimulation — p.20/22



Generative * - translation

(S;A,a: S —D(AxS)+1) -Gy coalgebra
define ® : G = G* by
D((S, A, ) = (S, A*, ')
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Generative * - translation

(S;A,a: S —D(AxS)+1) -Gy coalgebra
define ® : G = G* by
D((S, A, ) = (S, A*, ')

o' (s)(W, S") = Prob(s, W, S")
for W C A*and S’ C S and
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Generative * - translation

(S;A,a: S — D(A x S)+ 1) - G4 coalgebra
define ® : G = G* by
D((S, A, ) = (S, A*, ')

o' (s)(W, S") = Prob(s, W, S")
for W C A*and S’ C S and

Prob(s, W, S") = Prob(s LA S
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Generative * - translation

(S;A,a: S — D(A x S)+ 1) - G4 coalgebra
define ® : G = G* by
D((S, A, ) = (S, A*, ')

o' (s)(W, S") = Prob(s, W, S")
for W C A*and S’ C S and
Prob(s, W, S") = Prob(s L S’

then: & Is Indeed a *-translation
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Weak bisimulation - generative

givendandr C A
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Weak bisimulation - generative

givendandr C A

R - equivalence weak bisimulation w.r.t ® and 7
transfer condition
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Weak bisimulation - generative

givendandr C A

R - equivalence weak bisimulation w.r.t ® and 7
transfer condition

Prob(s,| ) B, | ] C)) = Prob(t,| | Bi,| | C))

icl  jeJ icl  jeJ
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Weak bisimulation - generative

given®and 7 C A

R - equivalence weak bisimulation w.r.t ® and 7
transfer condition

Prob(s,| ) B, | ] C)) = Prob(t,| | Bi,| | C))

icl  jeJ icl  jeJ

for B, = h;l(wz), w; € A, and Cj = S/R
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Weak bisimulation - generative

givendandr C A

R - equivalence weak bisimulation w.r.t ® and 7
transfer condition

Prob(s,| ) B, | ] C)) = Prob(t,| | Bi,| | C))

icl  jeJ icl  jeJ

then: S RGN U Iff s i) t
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Weak bisimulation - generative

givendandr C A

R - equivalence weak bisimulation w.r.t ® and 7
transfer condition

Prob(s,| ) B, | ] C)) = Prob(t,| | Bi,| | C))

icl  jeJ icl  jeJ

then: S RGN U Iff s i) t

proof: difficult for =
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Conclusion

* general notion of weak bisimulation
* two phase approach
* - extension and hiding internal actions
* weak bisimulation is strong

* from coalgebraic bisimulation to transfer
conditions

e correspondence results for
* LTS
* generative probabilistic systems
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