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Weak bisimulation as strong ...

known: s~1st in (S, A, —)
Iff
s~rst in (S, A =)

e Wweak boils down to strong !
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Action-type coalgebras

* bifunctor = functor
F : Set x Set — Set

e F - bifunctor = F4 - Set endofunctor,
A - fixed set,

fA(S) — f(A7 S)7

Faf =FQda, f), [: S5—=T
* an action-type coalgebra of type F4 Is a triple

(S, A, a: S — Fa(9))
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Examples: LTS and generative
LTS (S, A, —) = L coalgebra (S, A, a) for

L=PZx1I)

having

a

(a,s") € a(s) < s—s
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Examples: LTS and generative

generative system (S, A, P) = G4 coalgebra
(S, A, a) for

G=DITxT)+1

where D - distribution functor

a(s)(a,s’) = P(s,a,s)
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Coalgebraic bisimulation

A bisimulation between two F 4-coalgebras
(S, A, ) and (T, A, 3) is a relation

RCSxT

such that there exists a F4-coalgebra structure
~ on R making

™ 2

S R T

ol K |6

FaS =" FyR™2 FuT

s ~ t - bisimilarity, as usual ...
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Characterizing bisimulation

*RCSxT, F-functor, =¢ p - lifting

r=rRrY < 2z € FR: Frmi(z) =z, Fma(2) =y

e R C S x T - bisimulation between (S, A, «)
and (T, A, §) iff

<S,t> c R= CV(S) =F.R 6(?5)

o If 7 w.p. total pullbacks and R - equivalence,
then =1 j Is the pullback of

FS—ZF(S/RE— Fs
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Weak bisimulation - F, coalgebras

two stages approach:

1. transform any F 4 coalgebra into G 4-
coalgebra, faithfully.

2. fix aset - C A of invisible actions, and hide
them in the G- coalgebra.

result: "double-arrow” coalgebra

weak bisimulation = bisimulation for the
"double-arrow” coalgebra
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Weak bisimulation - F, coalgebras

(S, A, o) ~~2s (S, A%, o) 2 (S, A, Q)
!

F 4- coalgebra

G 4+- coalgebra

G4 - coalgebra
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Weak bisimulation - F, coalgebras

Hiding T C A, hiding function h, : A* — (A \ 7)*
A, = A*/ ker(h,)

:{T*alT*...T*CLkT*’al---akeA\T}

the canonical projection ¢, : A* — A, Induces a
natural transformation

N Ga = Ga, ng = G(cr,idg)

V. Is the functor induced by n”
"double-arrow coalgebra™ V.- ®((S, A, «a))
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Properties of weak bisimilarity

Given ® : F = G ano

s~_t for JF, coa
Iff

TCA

gebras

s~t for WU, -® of F, coalgebras

Properties:
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Example - LTS

(S, A,a: S — P(AxS)) - L, coalgebra
define ® : £ L by

D((S, A, a)) = (S, A%, o)
where

(ay...a;, ) €a'(s) < s— o0 S5
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Example - LTS

(S, A,a: S — P(AxS)) - L, coalgebra
define ® : £ L by

D((S, A, a)) = (S, A%, o)
where

(a1 ...a5,8) €Ed/(s) & s> 0. .0 B

° ® Is Indeed a *-translation
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Weak bisimulation for LTS

d:LSL, DS, A a)) = (S, A* o)
U ((S, A%, ) = (S, Ar,mg o &)
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Weak bisimulation for LTS

d:LSL, DS, A a)) = (S, A* o)
U ((S, A%, a')) = (S, A7, ng e )
(mgoa’)(s) = ng(a'(s))
= P(<cr,idg >)(d'(s))

= {<cr(w), s’ ><w,s’ >€a/(s)}

w
= {<7t¥a17 .. . 7Yapm*,s >|Iw e a1 ... TFapT: s= 5’}
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Weak bisimulation for LTS

d:LSL, DS, A a)) = (S, A* o)
U ((S, A%, ) = (S, Ar,mg o &)

(ngea’)(s) = n5(a'(s))
= P(<ecr,idg >)(a/(s))
= {<cr(w),s ><w, s >€d(s)}

w
= {<7t¥a17 .. . 7Yapm*,s >|Iw e a1 ... TFapT: s= 5’}

hence forany B = 7*a17" ... 7% a, 7"

B
s=>._ § «— JweB: s=¢

Weak bisimulation — p.22/3:



Correspondence - LTS

(S,A,a) - LTS, L4 coalgebra
TeEA - Internal action

s, teS - two states
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Correspondence - LTS

(S,A,a) - LTS, L4 coalgebra

T€EA - Internal action
s, teS - two states
Then:

S%{T}t & SXr79l
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Example - generative systems

bifunctor G*

G*(A,S)=(P(A) x P(S) — |0,1])

andfOrf:<f1,f2>2A><S—>B><T

G f:veve(fit, fy)
where v: P(A) x P(S) — [0, 1]
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Example - generative

Properties of G* I.e. G7:
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Example - generative

Properties of G* I.e. G7:
e G’ W.p. total pullbacks

e it does not w.p. pullbacks

hence: bisimilarity is an equivalence
and can be characterized
as before...
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Transfer condition for G7,

R - an equivalence on S

(S, A, a) - G* 4 coalgebra
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Transfer condition for G7,
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Transfer condition for G7,

R - an equivalence on S

(S, A, a) - G* 4 coalgebra

a:S — (P(A) x P(S) — [0,1])
R 1s a bisimulation iff
(s,t) € R= a(s)(A,U;er Gi) = alt)(A,U,er Gi)

forA”C Aand C; € S/R
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Paths - generative systems

generative system (S, A, ) i.e. (S, A, P)
sets Paths(s), FPaths(s), CPaths(s)
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Paths - generative systems

generative system (S, A, ) i.e. (S, A, P)
sets Paths(s), FPaths(s), CPaths(s)

51 %) Qg
m= S—81 —89 =+ Skp_1—Sk
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Paths - generative systems
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sets Paths(s), FPaths(s), CPaths(s)

51 a2 Qg
7-‘-: 8%81 HSQ o o o Sk‘—lﬁsk o o o

paths are ordered by prefix relation <
7 - finite: 7 7= {£ € CPaths(s) | 7 < £}-cone

[ - set of cones,

[' C P(CPaths(s))
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The measure Prob

on I" U {0} a function Prob is defined

Prob(w T) = P(s,a1,s1) - -+ - P(Sg_1, ag, Sk)

aq ag
form=s—s;---5._1— S

and Prob(()) = 0 and Prob(e) = 1

then: Prob Is a pre-measure, and
It extends to a probability measure !
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(S;A,a: S — D(AxS)+1) -G, coalgebra
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Generative * - translation

(S;A,a: S — D(AxS)+1) -G, coalgebra

define ® : G = G* by
O((S, A, a)) = (S, A%, o)

o' (s) (W, S") = Prob(s, W, S")
for W C A*and S’ C S and
Prob(s, W, S") = Prob(s L S’

° ® I1s Indeed a *-translation
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Weak bisimulation - generative

givendandr C A

the double-arrow system is (S, A, a") for
o'(5)(X, 8') = Prob(s, Upex B. $)

for X CA,and S"C S

hence: an equivalence R on S Is a weak
bisimulation iff

(s,t) € R =
Prob(s, ,.; Bi; UjEJ C;) = Prob(t,U,;.; Bi, UjEJ C;)

for B, ¢ A, and C; € S/R
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Correspondence - generative

(S, A, ) - generative, G4 coalgebra
T€ A - Internal action

s, teS - two states
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Correspondence - generative

(S, A, ) - generative, G4 coalgebra

T€EA - Internal action
s, teS - two states
then:

S %{T}t << SXagpnN T

proof: difficult for <
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Conclusion

e general notion of weak bisimulation
* two phase approach
* - extension and hiding internal actions
* weak bisimulation is strong

e from coalgebraic bisimulation to transfer
conditions

e correspondence results for
* LTS
* generative probabilistic systems

Weak bisimulation — p.32/3:
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