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Labelled transition systems

LTS is a triple 〈 S , A , → ⊆ S × A × S〉

states

actions
transition relation

s1
a
→ s2 for 〈s1, a, s2〉 ∈→

Example:
s2

a //

a ''OOOOOOOOO s4

s1

b
77ooooooooo

a ''OOOOOOOOO s5
b // s6 ...

s3
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Strong bisimulation for LTS

〈S, A,→〉 - LTS

An equivalence R ⊆ S × S is a strong
bisimulation if

〈s, t〉 ∈ R ⇒

s
a
→ s′ ⇒ ∃t′ : t

a
→ t′, 〈s′, t′〉 ∈ R
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Strong bisimulation for LTS

〈S, A,→〉 - LTS

An equivalence R ⊆ S × S is a strong
bisimulation if

〈s, t〉 ∈ R ⇒

s
a
→ s′ ⇒ ∃t′ : t

a
→ t′, 〈s′, t′〉 ∈ R

s ∼LTS t - there exists a strong bisimulation

R with 〈s, t〉 ∈ R
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〈S, A,→〉 - LTS τ ∈ A - internal action

An equivalence R ⊆ S × S is a weak
bisimulation if

〈s, t〉 ∈ R ⇒

s
a
→ s′ ⇒ ∃t′ : t

a
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Weak bisimulation for LTS

〈S, A,→〉 - LTS τ ∈ A - internal action

An equivalence R ⊆ S × S is a weak
bisimulation if

〈s, t〉 ∈ R ⇒

s
a
→ s′ ⇒ ∃t′ : t

a
⇒ t′, 〈s′, t′〉 ∈ R

for a
⇒ =

τ
→ ∗ ◦

a
→ ◦

τ
→ ∗ and τ

⇒ =
τ
→ ∗
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〈S, A,→〉 - LTS τ ∈ A - internal action

An equivalence R ⊆ S × S is a weak
bisimulation if

〈s, t〉 ∈ R ⇒

s
a
→ s′ ⇒ ∃t′ : t

a
⇒ t′, 〈s′, t′〉 ∈ R

for a
⇒ =

τ
→ ∗ ◦

a
→ ◦

τ
→ ∗ and τ

⇒ =
τ
→ ∗

s ≈LTS t - there exists a weak bisimulation

R with 〈s, t〉 ∈ R
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Weak bisimulation as strong ...

〈S, A,→〉 ; 〈S, A,⇒〉
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Weak bisimulation as strong ...

〈S, A,→〉 ; 〈S, A,⇒〉

for a
⇒ =

τ
→ ∗ ◦

a
→ ◦

τ
→ ∗ and τ

⇒ =
τ
→ ∗

known: s ≈LTS t in 〈S, A,→〉

iff
s ∼LTS t in 〈S, A,⇒〉
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Weak bisimulation as strong ...

〈S, A,→〉 ; 〈S, A,⇒〉

for a
⇒ =

τ
→ ∗ ◦

a
→ ◦

τ
→ ∗ and τ

⇒ =
τ
→ ∗

known: s ≈LTS t in 〈S, A,→〉

iff
s ∼LTS t in 〈S, A,⇒〉

• weak boils down to strong !
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Example - weak as strong

s ≈LTS t in the LTS
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s ≈LTS t in the LTS
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since s ∼LTS t in the ”double-arrow” system
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Generative probabilistic systems

Generative system is a triple

〈 S , A , P : S × A × S → [0, 1]〉
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Generative probabilistic systems

Generative system is a triple

〈 S , A , P : S × A × S → [0, 1]〉

states

actions probabilistic tr. rel.

s1
a[p]
→ s2 for P (s1, a, s2) = p
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Generative probabilistic systems

Generative system is a triple

〈 S , A , P : S × A × S → [0, 1]〉

states

actions probabilistic tr. rel.

s1
a[p]
→ s2 for P (s1, a, s2) = p

Example:

s2
a[ 1

2
]

//

a[ 1
2
] ''OOOOOOOOO s4

s1

b[ 1
3
] 77ooooooooo

a[ 2
3
] ''OOOOOOOOO s5

b[1]
// s6 ...

s3
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Strong bisimulation - generative
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Strong bisimulation - generative

〈S, A, P 〉 - generative system

An equivalence R ⊆ S × S is a strong
bisimulation if

〈s, t〉 ∈ R ⇒
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Strong bisimulation - generative

〈S, A, P 〉 - generative system

An equivalence R ⊆ S × S is a strong
bisimulation if

〈s, t〉 ∈ R ⇒

P (s, a, C) = P (t, a, C)
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Strong bisimulation - generative

〈S, A, P 〉 - generative system

An equivalence R ⊆ S × S is a strong
bisimulation if

〈s, t〉 ∈ R ⇒

P (s, a, C) = P (t, a, C)

s ∼GEN t - there exists a strong bisimulation

R with 〈s, t〉 ∈ R
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Weak bisimulation - generative

〈S, A, P 〉 - gen. system τ ∈ A - internal
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Weak bisimulation - generative

〈S, A, P 〉 - gen. system τ ∈ A - internal

An equivalence R ⊆ S × S is a weak
bisimulation if

〈s, t〉 ∈ R ⇒
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Weak bisimulation - generative

〈S, A, P 〉 - gen. system τ ∈ A - internal

An equivalence R ⊆ S × S is a weak
bisimulation if

〈s, t〉 ∈ R ⇒

Prob(s, τ ∗âτ ∗, C) = Prob(t, τ ∗âτ ∗, C)
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Weak bisimulation - generative

〈S, A, P 〉 - gen. system τ ∈ A - internal

An equivalence R ⊆ S × S is a weak
bisimulation if

〈s, t〉 ∈ R ⇒

Prob(s, τ ∗âτ ∗, C) = Prob(t, τ ∗âτ ∗, C)

for â = a if a ∈ A \ {τ} and τ̂ = ε
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Weak bisimulation - generative

〈S, A, P 〉 - gen. system τ ∈ A - internal

An equivalence R ⊆ S × S is a weak
bisimulation if

〈s, t〉 ∈ R ⇒

Prob(s, τ ∗âτ ∗, C) = Prob(t, τ ∗âτ ∗, C)

for â = a if a ∈ A \ {τ} and τ̂ = ε

s ≈GEN t - there exists a weak bisimulation

R with 〈s, t〉 ∈ R
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Action-type coalgebras
* bifunctor = functor

F : Set × Set → Set
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Action-type coalgebras
* bifunctor = functor

F : Set × Set → Set

• F - bifunctor ⇒ FA - Set endofunctor,
A - fixed set,

FA(S) = F(A, S),

FAf = F〈idA, f〉, f : S → T
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Action-type coalgebras
* bifunctor = functor

F : Set × Set → Set

• F - bifunctor ⇒ FA - Set endofunctor,
A - fixed set,

FA(S) = F(A, S),

FAf = F〈idA, f〉, f : S → T

* an action-type coalgebra of type FA is a triple

〈S, A, α : S → FA(S)〉
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Examples: LTS and generative

LTS 〈S, A,→〉 = LA coalgebra 〈S, A, α〉 for
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Examples: LTS and generative

LTS 〈S, A,→〉 = LA coalgebra 〈S, A, α〉 for

L = P(I × I)

having

〈a, s′〉 ∈ α(s) ⇐⇒ s
a
→ s′
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Examples: LTS and generative

generative system 〈S, A, P 〉 = GA coalgebra
〈S, A, α〉 for
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G = D(I × I) + 1
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generative system 〈S, A, P 〉 = GA coalgebra
〈S, A, α〉 for

G = D(I × I) + 1

where D - distribution functor

Weak bisimulation – p.13/32



Examples: LTS and generative

generative system 〈S, A, P 〉 = GA coalgebra
〈S, A, α〉 for

G = D(I × I) + 1

where D - distribution functor

α(s)(a, s′) = P (s, a, s′)
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Coalgebraic bisimulation
A bisimulation between two FA-coalgebras
〈S, A, α〉 and 〈T, A, β〉 is a relation

R ⊆ S × T

such that there exists a FA-coalgebra structure
γ on R making
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Coalgebraic bisimulation
A bisimulation between two FA-coalgebras
〈S, A, α〉 and 〈T, A, β〉 is a relation

R ⊆ S × T

such that there exists a FA-coalgebra structure
γ on R making

S
α

��

R
γ

��

π1oo π2 // T

β
��

FAS FAR
FAπ1oo FAπ2 // FAT
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Coalgebraic bisimulation
A bisimulation between two FA-coalgebras
〈S, A, α〉 and 〈T, A, β〉 is a relation

R ⊆ S × T

such that there exists a FA-coalgebra structure
γ on R making

S
α

��

R
γ

��

π1oo π2 // T

β
��

FAS FAR
FAπ1oo FAπ2 // FAT

s ∼ t - bisimilarity, as usual ...
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Characterizing bisimulation

* R ⊆ S × T, F - functor, ≡F ,R - lifting

x ≡F,R y ⇐⇒ ∃z ∈ FR : Fπ1(z) = x, Fπ2(z) = y
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Characterizing bisimulation

* R ⊆ S × T, F - functor, ≡F ,R - lifting

x ≡F,R y ⇐⇒ ∃z ∈ FR : Fπ1(z) = x, Fπ2(z) = y

• R ⊆ S × T - bisimulation between 〈S, A, α〉
and 〈T, A, β〉 iff

〈s, t〉 ∈ R ⇒ α(s) ≡FA,R β(t)
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Characterizing bisimulation

* R ⊆ S × T, F - functor, ≡F ,R - lifting

x ≡F,R y ⇐⇒ ∃z ∈ FR : Fπ1(z) = x, Fπ2(z) = y

• R ⊆ S × T - bisimulation between 〈S, A, α〉
and 〈T, A, β〉 iff

〈s, t〉 ∈ R ⇒ α(s) ≡FA,R β(t)

• if F w.p. total pullbacks and R - equivalence,
then ≡F ,R is the pullback of

FS
Fc// F(S/R) FS

Fcoo
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Weak bisimulation - FA coalgebras

two stages approach:

1. transform any FA coalgebra into GA∗

coalgebra, faithfully.

2. fix a set τ ⊆ A of invisible actions, and hide
them in the GA∗ coalgebra.
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result: ”double-arrow” coalgebra
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Weak bisimulation - FA coalgebras

two stages approach:

1. transform any FA coalgebra into GA∗

coalgebra, faithfully.

2. fix a set τ ⊆ A of invisible actions, and hide
them in the GA∗ coalgebra.

result: ”double-arrow” coalgebra

weak bisimulation = bisimulation for the
”double-arrow” coalgebra
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Weak bisimulation - FA coalgebras

〈S, A, α〉 Φ ///o/o/o/o/o/o

��

〈S, A∗, α′〉
Ψτ ///o/o/o/o/o

��

〈S, Aτ , α
′′〉

��

FA- coalgebra

GA∗- coalgebra

GAτ
- coalgebra
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Weak bisimulation - FA coalgebras

Φ : F
∗
→G is a *-extension

* Φ(〈S, A, α〉) = 〈S, A∗, α′〉
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Weak bisimulation - FA coalgebras

Φ : F
∗
→G is a *-extension

* Φ(〈S, A, α〉) = 〈S, A∗, α′〉

* Φ is injective

* preserves and reflects bisimilarity
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Weak bisimulation - FA coalgebras

Hiding τ ⊆ A, hiding function hτ : A∗ → (A \ τ)∗

Aτ = A∗/ ker(hτ)
= {τ ∗a1τ

∗ . . . τ ∗akτ
∗ | a1 . . . ak ∈ A \ τ}
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Weak bisimulation - FA coalgebras

Hiding τ ⊆ A, hiding function hτ : A∗ → (A \ τ)∗

Aτ = A∗/ ker(hτ)
= {τ ∗a1τ

∗ . . . τ ∗akτ
∗ | a1 . . . ak ∈ A \ τ}

the canonical projection cτ : A∗ → Aτ induces a
natural transformation

ητ : GA∗ ⇒ GAτ
ητ

S = G〈cτ , idS〉
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Aτ = A∗/ ker(hτ)
= {τ ∗a1τ

∗ . . . τ ∗akτ
∗ | a1 . . . ak ∈ A \ τ}

the canonical projection cτ : A∗ → Aτ induces a
natural transformation

ητ : GA∗ ⇒ GAτ
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S = G〈cτ , idS〉

Ψτ is the functor induced by ητ
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Weak bisimulation - FA coalgebras

Hiding τ ⊆ A, hiding function hτ : A∗ → (A \ τ)∗

Aτ = A∗/ ker(hτ)
= {τ ∗a1τ

∗ . . . τ ∗akτ
∗ | a1 . . . ak ∈ A \ τ}

the canonical projection cτ : A∗ → Aτ induces a
natural transformation

ητ : GA∗ ⇒ GAτ
ητ

S = G〈cτ , idS〉

Ψτ is the functor induced by ητ

”double-arrow coalgebra”: Ψτ ◦ Φ(〈S, A, α〉)
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Properties of weak bisimilarity

Given Φ : F
∗
→G and τ ⊆ A

s ≈τ t for FA coalgebras
iff

s ∼ t for Ψτ ◦ Φ of FA coalgebras
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Properties of weak bisimilarity

Given Φ : F
∗
→G and τ ⊆ A

s ≈τ t for FA coalgebras
iff

s ∼ t for Ψτ ◦ Φ of FA coalgebras

Properties:
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Properties of weak bisimilarity

Given Φ : F
∗
→G and τ ⊆ A

s ≈τ t for FA coalgebras
iff

s ∼ t for Ψτ ◦ Φ of FA coalgebras

Properties:

• ∼ ⊆ ≈τ
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Properties of weak bisimilarity

Given Φ : F
∗
→G and τ ⊆ A

s ≈τ t for FA coalgebras
iff

s ∼ t for Ψτ ◦ Φ of FA coalgebras

Properties:

• ∼ ⊆ ≈τ

• ∼ = ≈∅
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Properties of weak bisimilarity

Given Φ : F
∗
→G and τ ⊆ A

s ≈τ t for FA coalgebras
iff

s ∼ t for Ψτ ◦ Φ of FA coalgebras

Properties:

• ∼ ⊆ ≈τ

• ∼ = ≈∅

• τ1 ⊆ τ2 ⇒ ≈τ1
⊆ ≈τ2
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Example - LTS

〈S, A, α : S → P(A × S)〉 - LA coalgebra
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Example - LTS

〈S, A, α : S → P(A × S)〉 - LA coalgebra

define Φ : L
∗
→L by

Φ(〈S, A, α〉) = 〈S, A∗, α′〉

where

〈a1 . . . ak, s
′〉 ∈ α′(s) ⇐⇒ s

a1→ ◦ · · · ◦
ak→ s′
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Example - LTS

〈S, A, α : S → P(A × S)〉 - LA coalgebra

define Φ : L
∗
→L by

Φ(〈S, A, α〉) = 〈S, A∗, α′〉

where

〈a1 . . . ak, s
′〉 ∈ α′(s) ⇐⇒ s

a1→ ◦ · · · ◦
ak→ s′

• Φ is indeed a *-translation
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Weak bisimulation for LTS

Φ : L
∗
→L, Φ(〈S, A, α〉) = 〈S, A∗, α′〉

Ψτ(〈S, A∗, α′〉) = 〈S, Aτ , η
τ
S

◦ α′〉
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Weak bisimulation for LTS

Φ : L
∗
→L, Φ(〈S, A, α〉) = 〈S, A∗, α′〉

Ψτ(〈S, A∗, α′〉) = 〈S, Aτ , η
τ
S

◦ α′〉

(ητ
S
◦ α′)(s) = ητ

S(α′(s))

= P(< cτ , idS >)(α′(s))

= {< cτ (w), s′ >|< w, s′ >∈ α′(s)}

= {< τ∗a1τ∗ . . . τ∗akτ∗, s′ >| ∃w ∈ τ∗a1τ∗ . . . τ∗akτ∗ : s
w
⇒ s′}

Weak bisimulation – p.22/32



Weak bisimulation for LTS

Φ : L
∗
→L, Φ(〈S, A, α〉) = 〈S, A∗, α′〉

Ψτ(〈S, A∗, α′〉) = 〈S, Aτ , η
τ
S

◦ α′〉

(ητ
S
◦ α′)(s) = ητ

S(α′(s))

= P(< cτ , idS >)(α′(s))

= {< cτ (w), s′ >|< w, s′ >∈ α′(s)}

= {< τ∗a1τ∗ . . . τ∗akτ∗, s′ >| ∃w ∈ τ∗a1τ∗ . . . τ∗akτ∗ : s
w
⇒ s′}

hence for any B = τ ∗a1τ
∗ . . . τ ∗akτ

∗

s
B
⇒ τ s′ ⇐⇒ ∃w ∈ B : s

w
⇒ s′
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Correspondence - LTS

〈S, A, α〉 - LTS, LA coalgebra

τ ∈ A - internal action

s, t ∈ S - two states
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Correspondence - LTS

〈S, A, α〉 - LTS, LA coalgebra

τ ∈ A - internal action

s, t ∈ S - two states

Then:

s ≈{τ} t ⇐⇒ s ≈LTS t
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Example - generative systems

bifunctor G∗
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Weak bisimulation – p.24/32



Example - generative systems

bifunctor G∗

G∗(A, S) = (P(A) × P(S) → [0, 1])

and for f = 〈f1, f2〉 : A × S → B × T

G∗f : ν 7→ ν ◦ 〈f−1
1 , f−1

2 〉

where ν : P(A) × P(S) → [0, 1]
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Example - generative

Properties of G∗ i.e. G∗
A:
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Properties of G∗ i.e. G∗
A:

• G∗
A w.p. total pullbacks

• it does not w.p. pullbacks
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Example - generative

Properties of G∗ i.e. G∗
A:

• G∗
A w.p. total pullbacks

• it does not w.p. pullbacks

hence: bisimilarity is an equivalence
and can be characterized
as before...
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Transfer condition for G∗
A

R - an equivalence on S

〈S, A, α〉 - G∗
A coalgebra
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R - an equivalence on S

〈S, A, α〉 - G∗
A coalgebra

α : S → (P(A) × P(S) → [0, 1])
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Transfer condition for G∗
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R - an equivalence on S

〈S, A, α〉 - G∗
A coalgebra

α : S → (P(A) × P(S) → [0, 1])

R is a bisimulation iff

Weak bisimulation – p.26/32



Transfer condition for G∗
A

R - an equivalence on S

〈S, A, α〉 - G∗
A coalgebra

α : S → (P(A) × P(S) → [0, 1])

R is a bisimulation iff

〈s, t〉 ∈ R ⇒ α(s)(A′,
⋃

i∈I Ci) = α(t)(A′,
⋃

i∈I Ci)

for A′ ⊆ A and Ci ∈ S/R
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Paths - generative systems

generative system 〈S, A, α〉 i.e. 〈S, A, P 〉

sets Paths(s), FPaths(s), CPaths(s)
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Paths - generative systems

generative system 〈S, A, α〉 i.e. 〈S, A, P 〉

sets Paths(s), FPaths(s), CPaths(s)

π = s
a1→ s1
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Paths - generative systems

generative system 〈S, A, α〉 i.e. 〈S, A, P 〉

sets Paths(s), FPaths(s), CPaths(s)

π = s
a1→ s1

a2→ s2
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generative system 〈S, A, α〉 i.e. 〈S, A, P 〉

sets Paths(s), FPaths(s), CPaths(s)

π = s
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a2→ s2 · · ·
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sets Paths(s), FPaths(s), CPaths(s)

π = s
a1→ s1

a2→ s2 · · · sk−1
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paths are ordered by prefix relation �
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generative system 〈S, A, α〉 i.e. 〈S, A, P 〉

sets Paths(s), FPaths(s), CPaths(s)

π = s
a1→ s1

a2→ s2 · · · sk−1
ak→ sk · · ·

paths are ordered by prefix relation �

π - finite: π ↑= {ξ ∈ CPaths(s) | π � ξ}-cone
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Paths - generative systems

generative system 〈S, A, α〉 i.e. 〈S, A, P 〉

sets Paths(s), FPaths(s), CPaths(s)

π = s
a1→ s1

a2→ s2 · · · sk−1
ak→ sk · · ·

paths are ordered by prefix relation �

π - finite: π ↑= {ξ ∈ CPaths(s) | π � ξ}-cone

Γ - set of cones,

Γ ⊆ P(CPaths(s))
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The measure Prob

on Γ ∪ {∅} a function Prob is defined
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on Γ ∪ {∅} a function Prob is defined
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The measure Prob

on Γ ∪ {∅} a function Prob is defined

Prob(π ↑) = P (s, a1, s1) · · · · · P (sk−1, ak, sk)

for π = s
a1→ s1 · · · sk−1

ak→ sk

and Prob(∅) = 0 and Prob(ε) = 1
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The measure Prob

on Γ ∪ {∅} a function Prob is defined

Prob(π ↑) = P (s, a1, s1) · · · · · P (sk−1, ak, sk)

for π = s
a1→ s1 · · · sk−1

ak→ sk

and Prob(∅) = 0 and Prob(ε) = 1

then: Prob is a pre-measure, and
it extends to a probability measure !
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Generative * - translation

〈S, A, α : S → D(A × S) + 1〉 - GA coalgebra
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〈S, A, α : S → D(A × S) + 1〉 - GA coalgebra

define Φ : G
∗
→G∗ by

Φ(〈S, A, α〉) = 〈S, A∗, α′〉
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Generative * - translation

〈S, A, α : S → D(A × S) + 1〉 - GA coalgebra

define Φ : G
∗
→G∗ by

Φ(〈S, A, α〉) = 〈S, A∗, α′〉

α′(s)(W, S ′) = Prob(s, W, S ′)

for W ⊆ A∗ and S ′ ⊆ S and
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Generative * - translation

〈S, A, α : S → D(A × S) + 1〉 - GA coalgebra

define Φ : G
∗
→G∗ by

Φ(〈S, A, α〉) = 〈S, A∗, α′〉

α′(s)(W, S ′) = Prob(s, W, S ′)

for W ⊆ A∗ and S ′ ⊆ S and

Prob(s, W, S ′) = Prob(s
W
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Generative * - translation

〈S, A, α : S → D(A × S) + 1〉 - GA coalgebra

define Φ : G
∗
→G∗ by

Φ(〈S, A, α〉) = 〈S, A∗, α′〉

α′(s)(W, S ′) = Prob(s, W, S ′)

for W ⊆ A∗ and S ′ ⊆ S and

Prob(s, W, S ′) = Prob(s
W
→S ′)

• Φ is indeed a *-translation
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Weak bisimulation - generative

given Φ and τ ⊆ A
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Weak bisimulation - generative

given Φ and τ ⊆ A

the double-arrow system is 〈S, Aτ , α
′′〉 for

α′′(s)(X,S ′) = Prob(s,
⋃

B∈X B,S ′)

for X ⊆ Aτ and S ′ ⊆ S
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B∈X B,S ′)

for X ⊆ Aτ and S ′ ⊆ S

hence: an equivalence R on S is a weak
bisimulation iff
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Weak bisimulation - generative

given Φ and τ ⊆ A

the double-arrow system is 〈S, Aτ , α
′′〉 for

α′′(s)(X,S ′) = Prob(s,
⋃

B∈X B,S ′)

for X ⊆ Aτ and S ′ ⊆ S

hence: an equivalence R on S is a weak
bisimulation iff

〈s, t〉 ∈ R ⇒
Prob(s,

⋃
i∈I Bi,

⋃
j∈J Cj) = Prob(t,

⋃
i∈I Bi,

⋃
j∈J Cj)

for Bi ∈ Aτ and Cj ∈ S/R
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Correspondence - generative

〈S, A, α〉 - generative, GA coalgebra

τ ∈ A - internal action

s, t ∈ S - two states
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Correspondence - generative

〈S, A, α〉 - generative, GA coalgebra

τ ∈ A - internal action

s, t ∈ S - two states

then:

s ≈{τ} t ⇐⇒ s ≈GEN t
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Correspondence - generative

〈S, A, α〉 - generative, GA coalgebra

τ ∈ A - internal action

s, t ∈ S - two states

then:

s ≈{τ} t ⇐⇒ s ≈GEN t

proof: difficult for ⇐
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Conclusion
• general notion of weak bisimulation
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Conclusion
• general notion of weak bisimulation

* two phase approach
* - extension and hiding internal actions
* weak bisimulation is strong

• from coalgebraic bisimulation to transfer
conditions

• correspondence results for
* LTS
* generative probabilistic systems

Weak bisimulation – p.32/32
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