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Plan:

Part 1. Modelling probabillistic systems for branching-
time semantics

Part 2. Traces, linear-time semantics
equivalence

Part 3. Belief-state-transformer semantics via convexity

Mathematical framework d'.St.r'bUt'.On
bisimilarity

based on category theory all with help of

for state-based coalgebra
systems semantics
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Propabilistic systems
are
coalgebras
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Propabilistic systems
are
coalgebras

generic notion
of behavioural

equivalence
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Source Wikipedia, by Diacritica - Own work
CC BY-SA3.0

Propabilistic systems
are
coalgebras

generic notion
of behavioural
equivalence

strong,
branching-time
semantics
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Trace semantics coalgebraically

we need to
move out of

Sets

trace
equivalence is

behaviour
equivalence
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Trace semantics coalgebraically

we need to
move out of

Sets

Two approaches:

(1) modelling in a Kleisli category

(2) modelling in an Eilenberg-Moore category

trace
equivalence is
behaviour

there is a way to connect (1) and (2) equivalence

IIIIIIIIII
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Main ideas In both approaches
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Main ideas In both approaches

Bl

(1) unfold branching + transitions on words

Two ideas:

(2) trace = bisimilarity after determinisation
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Main ideas In both approaches

Bl

(1) unfold branching + transitions on words

Two ideas:

(2) trace = bisimilarity after determinisation

monads !
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“Eilenberg-Moore Algebras

convex algebras

finitely

supportea

« objects (4
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Convex Algebras

* algebras

* convex (affine) maps
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Convex Algebras

~

* algebras (4, Zpi(_)i)
1=1

- J

* convex (affine) maps
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Convex Algebras

~

* algebras (A, ) pi(—):) pi€[0,1], ) pi =1
1=1 i—1

\- Y,

* convex (affine) maps
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Convex Algebras

infinitely many
finitary operations

~

(" n .
* algebras (A, ) pi(—):) pi€[0,1], ) pi =1
1=1 i—1

\- Y,

* convex (affine) maps

Ana Sokolova PRfsiczsirs TbiLLC’ 17, tutorial, part |11



Convex Algebras

infinitely many
finitary operations

convex
combinations
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Convex Algebras

binary ones
‘suffice”

infinitely many

finitary operations convex

combinations
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* convex (affine) maps

Convex Algebras

infinitely many

finitary operations

convex

combinations

[ n
algebras (4, ) pi(=):)
1=1

-

~

y,
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mn mn
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1=1 1=1
\_ Y,
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binary ones
‘suffice”

pi € [0, 1]»22% =1
i=1
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Convex Algebras

infinitely many

finitary operations

convex

combinations

[ n
algebras (4, Z pi(=)i)
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Trace axioms for generative PTS
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Trace axioms for generative PTS
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Trace axioms for generative PTS

Axioms for bisimilarity

+
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+
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Trace axioms for generative PTS
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Trace axioms for generative PTS

Axioms for bisimilarity

+

p-a-(piEi @®p2Es) = p1-a-pEi@®ps-a-pEy (D)

positive

convex
algebras
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Trace axioms for generative PTS
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Trace axioms for generative PTS
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Trace axioms for generative PTS
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Trace axioms for generative PTS
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Trace axioms for generative PTS
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The quest for completeness

Inspired lots of new research:

e Congruences of convex algebras

* Proper functors
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need a

Coalgebraic traces fits

and
monads

~
¢ |s also behaviour semantics, in a category of algebras

e the general approach pays off

\_ ,
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and
monads

FEM(D) EM(P)
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¢ |s also behaviour semantics, in a category of algebras

e the general approach pays off
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Modelling probabillistic systems
for
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Modelling probabillistic systems
for
distribution semantics

coalgebraically
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probabilistic automata

The true nature of probabilistic systems
as transtormers of beliet states
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probabilistic automata

The true nature of probabilistic systems
as transformers of belief states

Bonchi, Silva, S.
CONCUR 17
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Determinisations
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Determinisations

[Silva, Bonchi, Bonsangue, Rutten, FSTTCS 10]

Ana Sokolova pRUNIVERSITY TbiLLC’ 17, tutorial, part |1



Determinisations

Ana Sokolova paunversiTY TbiLLC’17, tutorial, part |11

of SALZBURG



Determinisations

Generative PTS
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Determinisations

Generative PTS

a
Y\

L2 X3
b,l\l/ Vel
L4 5
1y y1
* *

Ana Sokolova paunversity

of SALZBURG

-

TbiLLC’ 17, tutorial, part |11



Generative PTS
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Generative PTS
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Determinisations
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Determinisations

belief-state
transformer

1 1 8 1
3T2 + ¢T3 + gT4 . ol2 T 53
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Determinisations

belief-state
transformer

belief state

1 1 8 1
3T2 + ¢T3 + gT4 . ol2 T 53

\_ Wy,
Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZBURG




Belief-state transtormer

foundation ?
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Bellef-state transformer
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Bellef-state transformer
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Bellef-state transformer
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Bellef-state transformer

very infinite
LTS on belief states
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Propablilistic Automata

-
Can be given different semantics: A
1. Bisimilarity
2. Convex bisimilarity

k3. Distribution bisimilarity y
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Propablilistic Automata

r . . . D
Can be given different semantics:
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Propablilistic Automata

-
Can be given different semantics:

2. Convex bisimilarity

k3. Distribution bisimilarity

UNIVERSITY
Ana Sokolova paunversiTy

. stron
1. Bisimilarity bisimilagrity

belief-state

bisimilarity

probabilistic /

combined
bisimilarity

TbiLLC’ 17, tutorial, part |11



Bisimilarity
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Bisimilarity

bisimulation
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Bisimilarity

® i @

a a

A-A

lifting of R to distributions
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Convex bisimilarity

convex
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Convex bisimilarity

convex
bisimulation

combined

transition
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Convex bisimilarity

convex
bisimulation

combined
transition

convex
combination

of a-steps
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Convex bisimilarity

Ny

C
largest convex

bisimulation
convex
bisimulation

combined
transition

convex
combination

of a-steps
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Distribution bisimilarity

distribution
bisimulation

Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZBURG



Distribution bisimilarity

distribution
bisimulation

R
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Distribution bisimilarity

distribution
bisimulation

R

a a

v v
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Distribution bisimilarity

distribution
bisimulation

R

A A
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Distribution bisimilarity

distribution
bisimulation

transition in the
belief-state
transformer
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Distribution bisimilarity
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bisimulation

distribution
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Distribution bisimilarity

=i
largest distribution
bisimulation

distribution
bisimulation

transition in the
belief-state
transformer

~d

is LTS bisimilarity on
the belief-state
transformer
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foundation ?

1 2
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S ~
8 1 2 1 1
oT2 T g3 . 3T2 + X3 + gT4
\_ Y,

Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZBURG



~+ PA coalgebraically

Ana Sokolova paunversiTY TbiLLC’17, tutorial, part |11

of SALZBURG



~+ PA coalgebraically

Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZBURG



~+ PA coalgebraically

Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZBURG



~+ PA coalgebraically

Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZBURG



~+ PA coalgebraically

-

@
a
1\

9]
DA
ZERNI IR

O,

e

O
b
J

UNIVERSITY
Ana Sokolova paunversiTy

-

.

@
a

9]
AR
N N

O

O
b

~

_J

TbiLLC’ 17, tutori

al, part |11



~+ PA coalgebraically

and all convex
combinations

Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZEBURG



~+ PA coalgebraically

and all convex
combinations

Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZEBURG



~+ PA coalgebraically

and all convex
combinations

Mio
FoSSaCS 14

Ana Sokolova pmunversiTY TbiLLC’ |7, tutorial, part |11

of SALZBURG



~+ PA coalgebraically

and all convex
combinations

Mio
FoSSaCS 14

8 1 2 1 1
ol2 T 573 . 3T2 + X3 + 5T4

- _J
Ana Sokolova pmunversiTY TbiLLC’ |7, tutorial, part |11

of SALZBURG




~+ PA coalgebraically

and all convex
combinations

Mio
FoSSaCS 14

8 1 2 1 1
ol2 T 573 . 3T2 + X3 + 5T4

- _J
Ana Sokolova pmunversiTY TbiLLC’ |7, tutorial, part |11

of SALZBURG




~+ PA coalgebraically

and all convex
combinations

Mio
FoSSaCS 14

8 1 2 1 1
ol2 T 573 . 3T2 + X3 + 5T4

- _J
Ana Sokolova pmunversiTY TbiLLC’ |7, tutorial, part |11

of SALZBURG




~+ PA coalgebraically

and all convex
combinations

Mio
FoSSaCS 14

8 1
95132+95133 3 6 G

-
Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZEBURG




Bellef-state transtformers

coalgebras on

free convex algebras

Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZBURG



Bellef-state transtformers

coalgebras on
free convex algebras

convex
combinations

convex
algebra

Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZBURG



Bellef-state transtformers

coalgebras on
free convex algebras
convex
combinations

convex

constant exponent

algebra

termination
convex

powerset

Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZEBURG



Bellef-state transtformers

coalgebras on
free convex algebras
convex
combinations

convex
algebra

constant exponent

termination
convex

powerset

pAl + (1 —p)A2 — {pal + (1 —p)CLQ ‘ a1 € Al,ag S AQ}

Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZBURG



Bellef-state transtformers

coalgebras on
free convex algebras
convex
combinations

convex
algebra

constant exponent

termination
convex

powerset

pAl + (1 —p)A2 — {pal + (1 —p)CLQ ‘ a1 € Al,ag S AQ}

Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZBURG



Belief-state transtormer

foundation ?

1 2
§£C1 + §CI§'2
S ~
8 1 2 1 1
oT2 T g3 . 3T2 + X3 + gT4
\_ Y,

Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZBURG



Belief-state transtormer

foundation ?

how does it emerge?

coalgebra over free
convex algebra
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[Silva, Bonchi, Bonsangue, Rutten, FSTTCS’10]
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Determinisations |

determinise

/
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needed:
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not for generative PTS
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Determinisations |1

determinise
CoAlgen 1) (H)

_— T
CoAlg(F)

needed:
a quasi litting
and
a lax lifting

~

works for PA /belief-state (Pc+1)A on EM(D)

transformer

Is a quasi lifting and lax lifting of
C A and 27 on Sets

\_ J
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Bellef-state transformer

are natural indeed

via a generalised?
determinisation

coalgebra over free
convex algebra

1 1 1
oT2 T g3 . 3T2 + X3 + gT4

\_ Wy,
Ana Sokolova pmunversiTy TbiLLC’ |7, tutorial, part |11

of SALZBURG




Coinductive proof method
for distribution bisimilarity
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{0 prove U ~q o

A R A it suffices to find a
-. & bisimulation up-to
a a

convex hull R
with uy R o

v v

A conv-con(R) A there always

exists a finite
one!

convex and equivalence [S., Woracek JPAA'15]

closure of R
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We |looked at:

Part 1. Modelling probabillistic systems for branching-

time semantics w

Part 2. Traces, linear-time semantics
equivalence

Part 3. Belief-state-transformer semantics via convexity

distribution
bisimilarity

all with help of
coalgebra
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