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* from LTS to coalgebras
* Bisimilarity can’t be traced, BUT

* bisimilarity via coinduction in Sets
* frace semantics also via coinduction...
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* specification
* development
* verification

of software and hardware systems
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* models - transition systems, automata, terms,...
with a clear semantics

* analysis - model checking
process algebra
theorem proving...
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* models - transition systems, coalgebras

* analysis - via behavior semantics
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* models - transition systems, coalgebras

* analysis - via behavior semantics

Aim: One framework for many models and semantics !
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S1 X So
| )

S3 a

states + transitions «:S — P(X x S5)

CV(SO) — {<CL, 31>7 <b7 S2>}7 a(sl) — {<Cv S3>}7
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* behavior equivalence (=) Iidentifies states with same
behavior

* behavior preorder (C) orders states according to
behavior
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* behavior equivalence (=) Iidentifies states with same
behavior

* behavior preorder (C) orders states according to
behavior

there are many of them: bisimilarity, trace, ...
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* given
* Sys - model of the system, LTS
* Spec - model of the specification, LTS
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* given
* Sys - model of the system, LTS
* Spec - model of the specification, LTS
* verify If
Sys = Spec or Sys L Spec
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Transfer condition:
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... two states are bisimilar if they are related by some
bisimulation
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the coloring Is a bisimulation, so s, and ¢, are bisimilar
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o, o,

‘| Y N\

S

s and t are;

® different wrt. bisimilarity
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a.f .V.tﬁ.
T —

s and t are:
® different wrt. bisimilarity, but

® equivalent wrt. trace semantics
tr(s) = tr(t) = {ab, ac}
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linear behaviors

trace =
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e set of all possible
linear behaviors

trace =

Example:
a b
{

v

tr(t) = b, tr(s) = a® -tr(t) = a’ 0"
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Sp ——= 51 ———= S92 ———= S3
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So—>81—>82—>S®

states <+ transitions «o: S — S

a(sg) = s1, a(s1) = sz, ...
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80—a>81—>82—>53
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So—a>81—b>82—b>S®

a

states + transitions o : S5 — X x S

a(sg) = (a, s1), a(sy) = (b, s2), ...
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states + transitions «:S — P(S5)

a(sg) = {s1,s2}, a(s1) = {s3}, ...
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b[2]
N\
S1 al5] ~ S9
) 9

53 al3]

states + transitions «:S — DX x S5)+1

C ((a, 1) %, (b, 89) %) ,

a(sy) = ({¢,83) — 1), ...
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® R~ ©

L

U =R> U

=r,» relates distributions that assign the same probability to each label
and each R-class
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Transfer condition:  (s,7) € R —
s—p= () t—v, g =gy v
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... two states are bisimilar if they are related by some
bisimulation
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the coloring Is a bisimulation, so s, and ¢, are bisimilar
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sub-probability distribution over

trace = : : :
possible linear behaviors
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trace =

Example:

sub-probability distribution over

possible linear behaviors

al3]

W=
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states + transitions
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states + transitions

as pairs
(S, : S — FS), for F a functor
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states + transitions
as pairs
(S, : S — FS), for F a functor

® rich mathematical structure
® a uniform way for treating transition systems

® general notions and results, generic notion of bisimulation
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(S,a: 8§ — FS)
IS 7 C S x S such that
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(S,a: 8§ — FS)
IS 7 C S x S such that ~ exists:

S<W—1RL>S

al iv ia

fS?mfRﬁ]:S
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(S,a: 8§ — FS)
IS 7 C S x S such that

.S ’\/‘\f\,RW\, .t
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(S,a: 8§ — FS)
IS 7 C S x S such that

.S ’V\f\,RW\, .t

|

a(s)
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(S,a: 8§ — FS)
IS 7 C S x S such that

®;

[

a(s) Rel(F)(R) «aft)
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(S,a: 8§ — FS)
IS 7 C S x S such that

o, o,

| |

a(s) Rel(F)(R) «aft)
<

Transfer condition:  (s,t) € —

<Oé(8),6( )) € Rel(F)(R)

TU Wien, Logic group seminar, 23-1-8 — p.13/29



(S,a: 8§ — FS)
IS 7 C S x S such that

o, o,

| |

a(s) Rel(F)(R) «aft)

... two states are bisimilar if they are related by some
bisimulation
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(S,a: 8§ — FS)
IS 7 C S x S such that

| |
a(s) Rel(F)(R) «aft)

Theorem: Coalgebraic and concrete bisimilarity coincide !
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* Power&Turi '99 - P(1 + > x
* Jacobs’'04 - PF
* Hasuo&Jacobs CALCO '05, CALCO Jnr’05 - PF, DF

* Hasuo&Jacobs&Sokolova CMCS’06, LMCS 3(4:11)'07
Generic Trace Semantics via Coinduction
7 F, order-enriched setting
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* Power&Turi 99 - P(1 + > x )
* Jacobs’'04 - PF
* Hasuo&Jacobs CALCO '05, CALCO Jnr’05 - PF, DF

* Hasuo&Jacobs&Sokolova CMCS’06, LMCS 3(4:11)'07
Generic Trace Semantics via Coinduction
7 F, order-enriched setting

main idea: coinduction in a Kleisli category
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final coalgebra
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system final coalgebra

* finality = J!(morphism for any - coalgebra)

* beh gives the behavior of the system

* this yields final coalgebra semantics
H B EN
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system final coalgebra

* f.c.s. In Sets = bisimilarity

* f.c.s. Iin a Kleisli category = trace semantics
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coalgebras in Sets

@@
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coalgebras in Sets

X 5 X

monad - branching type
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coalgebras in Sets

X 5 X

monad - branching type

functor - linear i/o type
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coalgebras in Sets

X 5 X

monad - branching type

functor - linear i/o type

needed: distributive law F7T = T F
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LTS with v- PF =P(1 + % x _)
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LTS with v- PF =P(1+ 2 x _)
.CU
‘/ \‘
N
VA VA

v
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LTS with v- PF =P(1 + % x _)

.CU T
./\. ) )
/N
v oV v _
|
|
|
[ B B B
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LTS with v- PF =P(1 + % x _)

.CU X
./ \. ) )
/N
v VR v

X S PFX
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LTS with v- PF =P(1 + % x _)

.CU X
./ \. ) )
/N
v VR v

X S PFX
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LTS with v- PF =P(1 + % x _)

.CU X
./ \. ) )
/N
v VR v

X S PFX S PFPFX
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LTS with v- PF =P(1 + % x _)

.CU X
./ \. ) )
/N
v VR v

X S PFX 2 PFPFX
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LTS with v- PF =P(1 + % x _)

.CU X
./ \. ) )
/N
v VR v

X S PEX 2 prpFX Y pPFFX
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LTS with v- PF =P(1 + % x _)

.CU X
./ \. ) )
/N
v VR v

X S PEX ZZprpFEX Y pPFFX
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LTS with v- PF =P(1 + % x _)

.CU 9
. / \. ) )
/N
v oV v _
X 5 PEX B pEPEX & pPpEEX ™ PEFX -
[ |
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LTS with v- PF =P(1 + % x _)

.CU 9
. / \. ) )
/N
v oV v _
X 5 PEX B pEPEX & ppEEX ™ PEFX -
[ |
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category K/(7)..
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category K/(7)..

* objects - sets

* arrows - X -V are functions f: X —=TY
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category K/(7)..

FT = TF: Flifts to Fyy) on KI(T).
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category K/(7)..
FT = TF: Flifts to Fyy) on KI(T).

Hence: coalgebra X — Fyyr X in KO(T) !
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category K/(7)..
FT = TF: Flifts to Fyy) on KI(T).
Hence: coalgebra X — Fyyr X in KO(T) !

In IC@(T) : X5 f/@(T)X
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category K/(7)..
FT = TF: Flifts to Fyy) on KI(T).
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category K/(7)..

FT = TF: Flifts to Fyy) on KI(T).

Hence: coalgebra X — Fyyr X in KO(T) !
) c a c
11 IC@(T) : X — F/@(T)X %) ]:]@(T)F;@(T)X
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category K/(7)..

FT = TF: Flifts to Fyy) on KI(T).

Hence: coalgebra X — Fyyr X in KO(T) !
) c F c
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Frum)A FianA

NACK | = nrFaoo 1|
A A
IS initial is final in (7))
|
|
|
|
H B E N
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Frum)A FianA

naox | o nFaca—l |
A A
IS initial is final in (7))
[a: FA = A denotes the initial JF-algebra in Sets] O
N
N
H
H B EN
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Frum)A FianA

naca | nFacalt |
A A
IS initial is final in (7))

[a: FA = A denotes the initial JF-algebra in Sets]

proof: via limit-colimit coincidence Smyth&Plotkin '82
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left-strict composition
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left-strict composition

* A functor F that preserves w-colimits
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left-strict composition

* A functor F that preserves w-colimits

° Adistributive law F7T = TF:. lifting 71
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left-strict composition

* A functor F that preserves w-colimits
° Adistributive law F7T = TF:. lifting 71

* Fxue) should be locally monotone
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n Co(T’

(Jan)P(Jan+1)/ A
/

P g Pl o (Ja)P] =|ah
W)P\
(]?Jan_1)P fA
|
|
|
|
H B BN
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3! finite trace map tr, : X — 7 A In Sets:
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3! finite trace map tr, : X — 7 A In Sets:

f tre
in (7)) From)X - ! —)>]:/C€(T)A
Xommmqr 74
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* [ift monad 1 +
systems with non-termination, exception

* powerset monad P
non-deterministic systems

* subdistribution monad D
probabilistic systems
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* [ift monad 1 +
systems with non-termination, exception

* powerset monad P
non-deterministic systems

* subdistribution monad D
probabilistic systems

DX = {p: X — [0,1] | ey nle) <1}
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* [ift monad 1 +
systems with non-termination, exception

* powerset monad P
non-deterministic systems

* subdistribution monad D
probabilistic systems

all with pointwise order !
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F=id|X|FxF|]]FE
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F=id|X|FxF|]]FE

* modular distributive law between commutative
monads and shapely functors

* our monads are commutative
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Pl+Xx_)

* for generative systems with explicit termination
D1+Xx_)
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Pl+Xx_)

* for generative systems with explicit termination
D1+Xx_)

Note: Initial 1 + > x - algebra is

[nil,cons|

> ~ 1+ > x X"
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amounts to

e () etr.(zr) <= V €c(v)

°* a-w Etr.(r) <= (J2){a,2’) € c(x), w € tr.(z)
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(1+Xx_) (tre)
14N % X mm = O 5w s
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(1+ZX_ ) xe(p) (tre)

T F X X=———————— >1 4+ 2 x X*
X—=—==-- tre > 27

amounts to tr.(x) :
* () = clz)(v)

sawe Y o@)(ay) oy (w)
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* Behaviour via coinduction
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* Behaviour via coinduction
* bisimilarity: coinduction in Sets
* frace semantics: coinduction

F re
in KC0(T) Fram)X - —m—(T)—(t—)>~7:/C€(T)A
d .
X—————trc————>A N
H
H
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* Behaviour via coinduction
* bisimilarity: coinduction in Sets
* frace semantics: coinduction

f tre
in KC0(T) Fram)X - el —)>~7:/C€(T)A
| R
X-—==7-———->4A o
: N
* Main technical result: initial algebra = final coalgebra =
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* non-determinism + probability
[Vardi '85, Segala & Lynch "95]
monad/order structure yet to be found
[Varacca & Winskel '05]
Initial work by Jacobs’08
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non-determinism + probability

[Vardi '85, Segala & Lynch "95]
monad/order structure yet to be found
[Varacca & Winskel '05]

Initial work by Jacobs’08

* PP [Kupke & Venema '05]
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