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It 1s about...

with coalgebra homomorphisms
h: X —-Y

Generalized
transition
systems

@®Modal logics
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© Expressivity:

logical equivalence = behavioral equivalence

© For four examples: ,

Transition systems

=

Markov chains
Multitransition systems

Markov processes
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Via dual adjunctions

Behaviour
(coalgebras)

(algebras)

FAP, na:A— PFAINA, ex:X—->FPXinC

FM Group Seminar, TU/e, Eindhoven 9.2.9




Logical set-up

P
F

@ If L has an initial algebra of formulas

@ A natural transformation

oc.LP = PT

glves interpretations

FM Group Seminar, TU/e, Eindhovn S



Logical equivalence
behavioural equivalence

The interpretation map yields a theory map

[—1: Form — PX

th: X — F(Form)

which defines logical equivalence

r=y < th(z) = th(y)

behavioural equivalence is given by

r~y < hi(z)=ho(y)
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P
TCC®  CADL ..
Expressivity

@ Bijective correspondence between

and [

If o and the transpose of the interpretation is

o rise abstract mono, then expressivity.
\

Factorisation system on C

(M, E), M C Monos, £ C Epis

with diagonal fill-in
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Sets vs. Boolean algebras

unitn : A — PFR(A)
n(a) ={a € FH(A) |a € a} |

Sets®P

standard correspondence

f:X—F(A) inSets

upsetsa C A, T € «
a,bcea=aNbeEa
VYa € A.a € a XOr —a € «
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Sets vs. meet semilattices

unitn : A — PF(A)
n(a) ={a e F(A)|aca}

“the same” correspondence
f: X—F(A) inSets
g:A—P(X) inMSL
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IMleasure spaces
vs. meet semilattices

unitn : A — SF(A)
n(a) ={a e F(A)|aca}

“the same” correspondence
f: X—F(A) inMeas

g:A—S(X) inMSL
objects: pairs (X,S(X))
arrows: measurable functions
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Behaviour via coalgebras

(] [ ] P
Transition systems TCC®  TADL
_ : F

= e

‘Ps-coalgebras in Sets PrCSets®  “BA
Fa

Markov chains/Multitransition systems

X — N | supp(p) finite
QGMeas“’l’/@L
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What do they have in common?

They are instances of the same functor

Given (M, +,0, <) withz < x4+ y, O C M - downward closed

Vo(X) ={¢: X — O | supp(y) isfinite}  Vo(/) () () = (¢ o fH){z})

Pr=Vo for M= ({0,1},v,0,<) O =M

I\\[e]
cancellative

M=V, for M = (N,4,0, <) O=M

Df =Vp for M = (RZO, +.,0, S) O = [0, 1]
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The Giry monad

(X,8X) — (GgX,5GX)

GX ={p:SX —[0,1] | ¢ < O,cp(UzIV}z) =) p(M;)}

the smallest making
evy - GX — [0, 1]

p — p(M)
measurable {O0.(M) |reQn]o0, 1]}

O0r(M) = {p € GX | (M) > 7}

generated by

VI Gu%lp Seminar, TU/e, Eindhoven 9.2.9



Logic tor transition systems

Modal operator

0(0S) ={u e B(X) |uC S}

P SetsP BAOL

u
Ju

[1induces X: LP = PP, .

componentwise mono

FM Group Seminar, TU/e, Eindhoven 9.2.9



Logic tor Markov chains

Probabilistic modalities

0,(8) = {p € D(X) | Tpeso(@) > 7}

[Jinduces X: K'P = PD, -

DiCGSets®  MSLOK

componentwise mono
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Logic for multitransition ...

Graded modal logic modalities

op(S) = {p € Mp(X) | Y egp(x) = k}

M SetsoP

o induces X: K'P = PM

componentwise Mono tre
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Logic for Markov processes

General probabilistic modalities

0,(M) = {p € G(X) | (M) > 1}

[1induces X: KS = S¢@

componentwise abs.mon
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Discrete to indiscrete

The adjunctions are related:

Meas®“?P

discrete

—
R

D(X) = (X, P(X)) %

‘ " Hence F - P via

F UFA4SD

by composition
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Discrete to indiscrete

Markov chains as Markov processes

g C-Meas®P

&

D U F MSL
%

D Sets®P F

via an embedding natural transformation p : D.U = UG

p(p) = [M = 3 cprp()]
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Discrete to indiscrete

® S0 we can translate chains into processes

X 5 Dy(X) =D;UD(X) 25 UGD(X)

T

/’\

Coalgp, Do » Coalg| \;p )

Sets

X —UGD(X) in Sets

D(X)—GD(X) inMeas
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Or directly ...

e € 07(S) & plp) €09(S)

-

o and  ®P = U®®O) o pF

~ ise mono
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Conclusions

© Expressivity
@ For four examples:

Transition systems
Multitransition systems
Markov chains

Markov processes o

in the setting of dual adjunctions !
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