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two strong semantics

* bisimilarity

* behaviour equivalence
expressiveness comparison

a hierarchy

beyond discrete probabillities, beyond Sets
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°* models - transition systems, automata, terms,...
with a clear semantics

* analysis - model checking

process algebra
theorem proving...
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* semantics - bisimilarity/behavior equivalence
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* semantics - bisimilarity/behavior equivalence

Aim: expressiveness of many models

In a single framework
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80—>81—>82—>S®
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80—>81—>82—>S®

states + transitions o : S — S

a(sg) = s1, a(s1) = sz, ...
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80—a>81—b>82—b>S®

a
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So—a>81—b>82—b>s®

a

states + transitions o : S5 — A x S

a(sg) = (a, s1), a(sy) = (b, s2), ...
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O

53

states + transitions «:S — P(S5)

a(sg) = {s1,s2}, a(s1) = {s3}, ...
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S1

iz, e

states + transitions «:S — P(A x S)

04(80) — {<CL, 81>7 <b7 52>}7 04(81) — {<Ca S3>}7
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states + transitions
as pairs
(S, : S — FS), for F a functor
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states + transitions
as pairs
(S, : S — FS), for F a functor

® rich mathematical structure
® a uniform way for treating transition systems

® general notions and results, generic notion of bisimulation
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probabilities as labels on the transitions.
There are many ways to do it:
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probabilities as labels on the transitions.
There are many ways to do it:
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probabilities as labels on the transitions.
There are many ways to do it:
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probabilities as labels on the transitions.
There are many ways to do it:

N0
[ 2
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B the set of all discrete

DS =
. probability distributions on S
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DS ={u:5—[0,1,ul8] =1}, ulX]=Y,cx nl)

Df : DS — DT, Df(p)(t) = plf~({t})]
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DS ={u:5—[0,1,ul8] =1}, ulX]=Y,cx nl)

Df : DS — DT, Df(p)(t) = plf~ ({t})]

the probabillistic systems are also coalgebras
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DS ={u:5—[0,1,ul8] =1}, ulX]=Y,cx nl)

Df : DS — DT, Df(p)(t) = plf~ ({t})]

the probabillistic systems are also coalgebras
Example: o : S — DS

[
L 70
/ 7
AN
L
//1/ \4
£F 2
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DS ={u:5—[0,1,ul8] =1}, ulX]=Y,cx nl)

Df : DS — DT, Df(p)(t) = plf~ ({t})]

the probabillistic systems are also coalgebras
... of functors built by the following syntax

Fu=_|A|P|D|IG+H|GXxH|G|GoH
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\ \J v s -

reactive systems:
functor (D + 1)"
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OIS S NG
reactive systems:
functor (D + 1)/

generative systems:
functor ( D+ 1)(Ax _)=D(Ax _)+1
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reactive systems:
functor (D + 1)

generative systems:
functor ( D+ 1)(Ax _)=D(Ax _)+1

note: in the probabilistic case
(D+1)A2D(Ax _)+1
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LTS
React
Gen
Str
Alt
Var
SSeg
Seg

P(Ax_)=p4
(D+1)4

D(Ax _)+1

D+ (Ax_)+1
D+PAx_)

DAx _)+PAx_)
P(A x D)
PD(A x _)
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LTS
React
Gen
Str
Alt
Var
SSeg
Seg

P(Ax_)=p4
(D+1)4

D(Ax _)+1

D+ (Ax_)+1
D+PAx_)

DAx _)+PAx_)
P(A x D)
PD(A x _)

o
SO

v

o ([
{ {

c[1]§ §c[1]

v v
o o
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LTS
React
Gen
Str
Alt
Var
SSeg
Seg

P(Ax_)=p4
(D+1)4

D(Ax _)+1

D+ (Ax_)+1
D+PAx_)

DAx _)+PAx_)
P(A x D)
PD(A x _)

N
[CIP—‘
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LTS P(Ax _)=pa
React | (D + 1)4

Gen D(Ax _)+1 }f/ctl\i
!
{

Str D+ (Ax_)+1 ;
T a0

Alt D+PAx_) ;/42,

Var | D(Ax_)+P(Ax ) :

SSeg | P(A x D)

Seg PD(A x _)
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LTS P(Ax _)=pa
React | (D + 1)4

Gen DAXx_)+1 / \

Str D+ (Ax_)+1 )
alg] !

Alt D+PAx ) //W

Var DAXx_)+PAx_)

SSeg | P(A x D)

Seg PD(A x _)
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® R~ ©
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... two states are bisimilar if they are related by some
bisimulation
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the coloring Is a bisimulation, so s, and ¢, are bisimilar
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® R~ ©
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® R~ ©

.

U =RrR,A U

=R, 4 relates distributions that assign the same probability to each label
and each R-class
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... two states are bisimilar if they are related by some
bisimulation
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the coloring Is a bisimulation, so s, and ¢, are bisimilar
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® R~ ©
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H =r UV

= R relates distributions that assign the same probability to each R-class
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... two states are bisimilar if they are related by some
bisimulation
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the coloring is a bisimulation, so s, and ¢, are bisimilar
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IS 7 C S x S such that
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IS 7 C S x S such that ~ exists:

S<W—1RL>S

al ly la

fS?mfR]__—W;]:S
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IS 7 C S x S such that

.S ’\/‘\f\,RW\, .t
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IS 7 C S x S such that

.S ’\/‘\f\,RW\, .t

|

a(s)
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IS 7 C S x S such that

o,

'(i |

Rel(F)(R) «(t)
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(S,a: 8§ — FS)
IS 7 C S x S such that

o, o,

| |

a(s) Rel(F)(R) «aft)

... two states are bisimilar if they are related by some
bisimulation
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(S,a: 8§ — FS)
IS 7 C S x S such that

| |
a(s) Rel(F)(R) «aft)

Theorem: Coalgebraic and concrete bisimilarity coincide
for all probabillistic transition systems!
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an anotner:
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than another?

Example:
LTS P(Ax_)
are clearly not more expressive than

Alternating Systems D + P(A x )
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P(A x D) PD(A x )
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P(A x D) PD(A x _)

| I

When do we consider one type of systems more
expressive than another?
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Coalg s — Coalg,

if there is a mapping (S, a : S — FS) 5 (S, : S — GS)
that preserves and reflects bisimilarity
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Coalg s — Coalg,

if there is a mapping (S, a : S — FS) 5 (S, : S — GS)
that preserves and reflects bisimilarity

5(S,a) ~ UT,B) = ST(S,0) ~ LT(T,B)
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Coalg s — Coalg,

if there is a mapping (S, a : S — FS) 5 (S, : S — GS)
that preserves and reflects bisimilarity

5(S,a) ~ UT,B) = ST(S,0) ~ LT(T,B)

Theorem: An injective natural transformation F = §G
Is sufficient for Coalg — Coalg,
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a transiation of coalgebras /., : Loalg » — Loalg, as 10lIoWs.

S S
|

o L FS
e

FS GS
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S S

ia
o L FS
e
FS GS

this translation we use In the proof!
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A bisimulation 2 € S x 7" between (5, «) and (1, 7)

2

S<~—R T

P
Fmq Fo

FS<"FR-">FT
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A bisimulation 2 € S x 7" between (5, «) and (1, 7)

2

S<~—R T

P
Fmq Fo

FS<"FR-">FT

TS\L nat. 7 T\fl nat. 7 \LTT

G5 ~gr 9B 5,7 97

IS a bisimulation between 7..(S, a) and 7.(T", 3) EEEE
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Example: The natural transformation
supp: D+1=7P

that forgets the probabilities does not reflect.

RIMS, Kyoto, 19.11.2008 — p.20/3(




Example: The natural transformation
supp: D+1=7P

that forgets the probabilities does not reflect.
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Example: The natural transformation
supp: D+1="7P
that forgets the probabilities does not reflect.

Injectivity turns out to be sufficient for reflection via
cocongruences - behavioural equivalence
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(S,a : § — FS)
IS 7 C S x Sor (R, m,m) such that v exists:

S<W—1RL>S

al ly la

fS?mfRﬁfS

... two states are bisimilar if they are related by some
bisimulation
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)

IS (Q,q1: 5 — Q,q : S — ) such that
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)

IS (Q,q : 5 — Q,q : S — () such that ~ exists:

S q1 Q g2 S
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(S,a: 8§ — FS)
IS (Q,q : 5 — Q,q : S — () such that ~ exists:

S q1 Q qz2 S

l | lﬁ

FSF—(JT}_Q%]:S

... two states are behaviourly equivalent if they are related

by some cocongruence s ~ t < q;(s) = ¢(1)
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just like it preserves bisimilarity
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just like it preserves bisimilarity

e If 7 : 7 = ¢ has injective components, then
7. reflects behavioural equivalence
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just like It preserves bisimilarity

e If 7 : 7 = ¢ has injective components, then
7. reflects behavioural equivalence

* The proof uses that Sets has a factorization system
with a diagonal fill-in
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IN Sets SINCEe PUSNOULS exXIS

* behavioural equivalence C bisimilarity
If 7 preserves weak pullbacks
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IN Sets since pushouts exist

* behavioural equivalence C bisimilarity
If 7 preserves weak pullbacks

Hence, the theorem holds:

If 7 preserves w.p. and 7 : 7 = G IS injective, then
7. preserves and reflects bisimilarity.
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IN Sets since pushouts exist

* behavioural equivalence C bisimilarity
If 7 preserves weak pullbacks

Hence, the theorem holds:

If 7 preserves w.p. and 7 : 7 = G IS injective, then
7. preserves and reflects bisimilarity.

All our functors preserve w.p. EEEE
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® n:1= Pwithnx(x):=10,
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® n:1= Pwithnx(x):=10,

® 0:_ = Pwithox(z):={z},
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® n:1= Pwithnx(x):=10,
® 0: =Pwithox(z):={x},

® §: = Dwithdx(x): =, (Dirac),
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® n:1= P with nx(x):= 10,

® 0: =Pwithox(z):={x},

® 0: = Dwith dx(x):= o, (Dirac),
* y:F=F+Gand. :G = F+G,
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n: 1= P with nx(x) := 0,
o:_ = Pwithox(x):={z},

0: = Dwith 6 x(xz):= ¢, (Dirac),
u:F=F+Gand .. : G = F+G,

p+v:F+G=F +7G for
¢:F = Fandy: G = G (both withi.c.),
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n: 1= P with nx(x) := 0,

o:_=Pwithox(x):={x},

0: = Dwith oy (x):= 0, (Dirac),
u:F=F+Gand.. :G=F+G,

o+ F+G=F +7 for

¢:F = Fandy: G = G (both withi.c.),

K:AXP=PAx_) with

kx(a, M) :={{a,z) | x € M},
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n: 1= P with nx(x) := 0,

o:_=Pwithox(x):={x},

0: = Dwith oy (x):= 0, (Dirac),
u:F=F+Gand.. :G=F+G,

o+ F+G=F +7 for

¢:F = Fandy: G = G (both withi.c.),

K:AXP=PAx_) with

kx(a, M) :={{a,z) | x € M},
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SSeg

///7 ‘\\\ \\\\
React LTS Gen Str
x\\\ ///7
DLTS MC

* Falk Bartels, Ana Sokolova, Erik de Vink, TCS 327 EEEEN
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objects in Meas: measure spaces (X, Sy)
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objects in Meas: measure spaces (X, Sy)
with Sy a o-algebra

closed w.r.t. (), complements, countable unions
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objects in Meas: measure spaces (X, Sy)
with Sy a o-algebra

closed w.r.t. (), complements, countable unions

arrows in Meas: measurable functions
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objects in Meas: measure spaces (X, Sy)
with Sy a o-algebra

closed w.r.t. (), complements, countable unions

arrows In Meas: measurable functions
f : X — Y with f_l(Sy) C Sy
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objects in Meas: measure spaces (X, Sy)
with S'x a o-algebra

closed w.r.t. (), complements, countable unions

arrows In Meas: measurable functions
f : X — Y with f_l(Sy) C Sy

Markov processes are Giry-coalgebras in Meas!
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G(X,Sx) = (GX,5¢x)
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G(X,Sx) = (GX,5¢x)

with GX containing all subprobability measures
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G(X,Sx) = (GX,5¢x)

with GX containing all subprobability measures

and the smallest o-algebra making the evaluation maps
evy c GX — |0,1],  evn (o) = ¢(M) measurable

RIMS, Kyoto, 19.11.2008 — p.28/3




with GX containing all subprobability measures

and the smallest o-algebra making the evaluation maps
evy c GX — |0,1],  evn (o) = ¢(M) measurable

and on arrows

G(f) (SX %0, 1]) - (SY 7 8x 40, 1])
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(> Meas _ T Sets Z)p with DU

D

with an obvious natural transformation p: DU = UG
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(> Meas _ T Sets Z)p  with DAHU

D

with an obvious natural transformation p: DU = UG

and we can translate chains into processes
T

T

Coalgp Coalgy;gp ——— Coalgg

T ¢

Sets Meas
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T

T

Coalgp he Coalgygp S Coalgg

™\ o D \
Sets Meas
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T

T

Coalgp he Coalgygp S Coalgg

NPT ¥
Sets Meas
with (X S D(X) = DUD(X)) — <X ., DUD(X) 72X UQD(X))

X ——UGD(X) in Sets

and (x) from

D(X) ——= GD(X) in Meas
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T

T

Coalgp he Coalgygp S Coalgg

S\ o D \
Sets Meas

Theorem: The translation 7 preserves and
reflects behavioral equivalence
(bisimilarity does not work here)
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S\ o D \
Sets Meas

Coalgp he Coalgygp S Coalgg

Theorem: The translation 7 preserves and
reflects behavioral equivalence
(bisimilarity does not work here)

Hence: MC = Coalgy*™ — Coalgy'®* = MP
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* coalgebras are beautiful :-)
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° an expressiveness comparison can be made
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* coalgebras are beautiful :-)
° an expressiveness comparison can be made

* expressiveness hierarchy w.r.t
bisimilarity/beh.equivalence follows
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coalgebras are beautiful :-)
an expressiveness comparison can be made

expressiveness hierarchy w.r.t
bisimilarity/beh.equivalence follows

It also works beyond Sets
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coalgebras are beautiful :-)
an expressiveness comparison can be made

expressiveness hierarchy w.r.t
bisimilarity/beh.equivalence follows

It also works beyond Sets

future work: build another floor in Meas
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