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We will discuss

@ history

@ probabilistic transition systems

generative PTS,

@ (finite) trace semantics fully probabilistic,
with labels

@ the sound and complete axiomatization
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Some Vyears later

@ Milners result was extended by
for trace semantics

@ expressions for LTS
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@ sound and complete for trace semantics
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Now we do it for PTS

@ Expressions/axioms for PTS come in many flavors
(mainly for bisimilarity)
we build on

® Trace semantics for PTS also exists in variants
we build on
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Now we do it for PTS

expressions, Kleene style theorem, sound and complete
axiomatization for bisimilarity
(generic approach applicable to a large class of systems)

@ Expressions/axioms for PTS come in many flavors
(mainly for bisimilarity)
we build on Silva, Bonchi, Bonsangue, Rutten ‘09/°10

® Tgace semantics for PTS also exists in variants
wql build on Hasuo, Jacobs, S. '06/°07

generic coalgebraic approach

same expressions, one more axiom, applicable fo PTS

sound and complete for trace semantics
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Probabilistic transition
systems

PTS here are generative, labelled, with explicit termination

[X%Dw(lnLAxX)J
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Coalgebra basics

Category C, functor F, category of coalgebras:

Objects: [ A e ] ATrTrows: L
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Coalgebra basics

Category C, functor F, category of coalgebras:

Objects: [ A e ] ATrrows: Ay
oy Vd
b il

bisimilarity in Sets

(for wpp functors)
trace semantics in X¢(T)

(for TF -coalgebras)
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Traces for PTS

Coalgebraic trace semantics [HIS'06/°07] applies to PTS
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Expressions for PTS

E..= Gl | ne B b e 00 B8, <49
1€1 ve I
EY:= g8k | ur.E (pi € [0,1], X p; < 1)
1€l 1€l
E; o= Fhaa
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Expressions for PTS

carry a scalar

product
P :
E?::= @D p;:F; | px.E? et 10,11, > prs 1)
1€1 e
E; i= Flradk
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Expressions for PTS

expressions behave! (Kleene-style theorem)
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Expressions for PTS

expressions behave! (Kleene-style theorem)

carry a scalar
product
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AXxioms

bisimiig;'fy

@ 2 D
E: @ (Ex@E Il == E e Eyi i (A)
Ei . GiEs = TEaE] &)
E® I =%k (F)
L2 = E|px.E/x] (7ided

v|E/z] = E = uredi=E RCEP)

.8 = uy.Ely/x] if yisnot freein E (o — equiv)
E. =E; = E|[E;/x] = E|Ey/x] (Cong)
0-E = 2 (2)
p-E®@p - ES = (D e (5)

. Y

a-(p1E1 ®p2E2) = p1-a-pEi @ ps-a-pEs
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Soundness and
Completeness

Find an injective map out= with tr = out= o [-]
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Soundness and
Completeness

Find an injective map out= with tr = out= o [-]

Soundness Completeness

(#) - existence of Out=  (A) - tr = out=o [~] (D) - injectivity

Ana Sokolova Uni Salzburg QAIS 17.10.2011




How to get out?

Bisimilarity case, F-coalgebras
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How to get out?

Bisimilarity case, F-coalgebras

beh
X [_]~> EXP/N = R T Qs
g Srel /
FX = FEXp/N FQF
SRR T i
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How to get out?
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How to get out?
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How to get out?

Bisimilarity.case, F-coglgebras

elsewhere there final in
=S Coalg
X [_]~>. EXp/N S T o QF
C Gl ~
YRR 5 v
FX >FExp/,\\ /7FQF

F' beh
Hence, e is iso, and out = beh is injective

there are also
algebras around
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A way out for traces?

@ It is tough to work in Kleisli categories

D

@ So we find a way to stay in Sets
or rather in Sets”

@ A way out - determinization
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Determinization of PTS
Its determinization
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Determinization of PTS
Its determinization

out 4 G-coalgebra
GX = [0 T e a T

Gout

(5 GOoELAD)
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Determinization of PTS
Its determinization

outR S G-coalgebra
GX = [0 1) X% &

X e L URE ;
Cl l((goc)# Gout A
i GX G (UEL |0
Do(1+AxX)——GD,(X) - J
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A way out for traces

Trace case, almost G-coalgebras on Sets®-

PCA
Eilenberg-Moore
algebras
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A way out for traces

Trace case, almost G-coalgebras on Sets®-

hng there
elsewhere
out
N e e PCA
EXp/ = QG Eilenberg-Moore
algebras
d =
Y Y

GAEXP/E Gout

O R

Hence, e is iso, and ouft is injective
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A way out for traces

Trace case, almost G-coalgebras on Sets®-

final

there
elsewhere
out
N PCA
EXp/ = Qé Eilenberg-Moore
algebras
4 ~
\ \

Hence, e is iso, and ouft is injective

Moreover: tr = out o [—]

Ana Sokolova Uni Salzburg QAIS 17.10.2011



Conclusions

@ we present a solution to a concrete problem

sound and complete axiomatization
of traces for PTS

bisimilarity expressions and axioms plus one new axiom

@ In a coalgebraic setting
@ It opens many generalization questions...

@ all about algebra and coalgebra
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