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Propablilistic Automata

Can be given different semantics:
1. Bisimilarity

2. Convex bisimilarity

3. Distribution bisimilarity

4. Trace semantics
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X = (PX)A
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Two states are equivalent iff they admit the same traces (worg
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An equivalence relation R € X x X is a bisimulation of the LTS X — (PX)4
iff whenever (z,y) € R for all a e A
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r5>2 = WySyaA@@,y)eR
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Propablilistic Automata

Can be given different semantics:

1. Bisimilarity Sige]gle
pisimilarity

2. Convex bisimilarity

3. Distribution bisimilarity beliet-state
bisimilarity
4 Trace semantics [Bonchi,Silva, 5. CONCUR'17]
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Bisimilarity

(" )

An equivalence relation R on the PA c¢: X — (PDX)4 is a[bisimulation iff
whenever (s,t) € R for allae A and pe DX

s> pu=—3weDX. t SVUAU=RV

where © =g v iff u|C| = v|C] for all R-equivalence classes C, with u|C| =

erC :u(x)

Bisimilarity on c: X — (PDX)#, denoted by ~, is the largest bisimulation.
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Convex bisimilarity

An equivalence relation R € X x X is a convex bisimulation of the PA ¢: X —
(PDX)A iff whenever (z,y) € R, for all a€ A and ue DX

n
a a
rT—u = HV.NERV/\I/ZZini/\y—)Vi.
i=1

Convex bisimilarity on c: X — (PDX)4, denoted by ~, is the largest bisimu-
lation.
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Distribution bisimilarity

-

\_

An equivalence relation R on the carrier of the belief-state transformer ¢: DX —
(PDX)4 is a distribution bisimulation iff whenever (u,v) € Rfor allac A

oy =W eDX. v5V AW, V) eR.

Distribution bisimilarity on c: DX — (PDX)“, denoted by ~g4, is the largest
distribution bisimulation.

~\

,
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Distribution bisimilarity

d
largest distribution
bisimulation

distribution
bisimulation

transition in
the

belief-state

transformer

—d

is LTS bisimilarity on
the belief-state
transformer
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e Coalgebras

Uniform framework for dynamic transition systems, based on
category theory.

generic notion of behavioural equivalence

behaviour form a

states
type category too

object in the base functor on the
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The category of F-coalgebras

\_

CoAlgq(F)

J

Objects = coalgebras
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~The category of F-coalgebras

CoAlg(F) behaviour-
preserving maps
\ Y
Objects = coalgebras Arrows = coalgebra homomorphisms

Two states x,y € X are behaviourally equivalent, notation x ~ y iff there exists
a coalgebra homomorphism h: X — Y from c: X — FX to some coalgebra

d: Y — FY such that h(x) = h(y).
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Convex algebras

* algebras (4, 2, pi(=)i)
1=1

- J

* convex (affine) maps | # <Z piaz-) = 2, pih(ai)
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Convex algebras

infinitely many
finitary operations

(" n .
* algebras (4, sz’(_)i) p; € [0, 1], Zpi =1
=1 i=1

- y,

* convex (affine) maps | # (i piaz) = imh(ai)
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Convex algebras

infinitely many
finitary operations

convex

combinations

( n ~
* algebras (A, Y pi(—):) pi € [0,1], ) pi =1
L =1 ) =1
[ N
e convex (affine) maps h (Z piaz) = > pih(as)
- Y
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Convex algebras

- |qf|n|tely mat_ﬂy convex
Initary operations combinations

(" n ~
* algebras (4, Z pi(—):) p; € [0, 1], Z p; =1
. 1=1 ) 1=1
[ ™
e convex (affine) maps h (Z piai> = > pih(a)
i=1 i=1
~ y
isfvi )
* Projection glpm =ak, pp=1
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Bellef-state transformer
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321 -+ 32
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Bellef-state transformer

PA

belief-state
C’fz transformer
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Bellef-state transformer

how does it emerge?

2 a/l l\a;\ 1
) g \’)x g \;4
oD D,

—331 + xz

8 o e

ol2 Tt g 5133 —5132-|- 5133-|—

- J
Ana Sokolova pRuNIversiTY PLS 29-6-19

OOOOOOOOOO




Bellef-state transformer

=

@
a

Ana Sokolova P

of SA

LLLLLL

. )
PEEEP N

b b

J
( )

%xl -+ %332
e ~

%QjQ + %CL‘?) c e %ZCQ + %333 + %564

\_ ,
.......... PLS 29-6-19



Bellef-state transformer

4 ) )
4
a/ 1 ;\a 1
) / \2: g \?x
@, OO,
\_ v
( )

1 1
32 + T3 + 6 L4

. J
Ana Sokolova pRuNIversiTY PLS 29-6-19

OOOOOOOOOO




Bellef-state transformer

4 ) )
4
a/ 1 ;\a 1
) / \f’x g \?x
@, OO,
\_ v
é )

1 1
32 + T3 + 6 L4

. J
Ana Sokolova pRuNIversiTY PLS 29-6-19

OOOOOOOOOO




Bellef-state transformer

=

@
a

Ana Sokolova P

of SA

LLLLLL

. )
PEEEP N

b b

J
( )

%xl -+ %332
e ~

%QjQ + %CL‘?) c e %ZCQ + %333 + %564

\_ ,
.......... PLS 29-6-19



Bellef-state transformer

4 ) )
4
a/ 1 ;\a 1
) / \2: g \?x
@, OO,
\_ v
( )

Ana Sokolova pRuNIversiTY PLS 29-6-19

OOOOOOOOOO



Bellef-state transformer

4 ) )
4
a/; ;\a 1
x/\f’;/\?x
@, OO,
\_ v
.
,

Ana Sokolova pRuNIversiTY PLS 29-6-19

OOOOOOOOOO



Bellef-state transformer

very infinite
LTS on belief states
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Bellef-state transformer

PA

how does it emerge?

coalgebra over free
convex algebra
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Bellef-state transformer

PA

via a generalised
determinisation

coalgebra over free

convex algebra
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Determinisations

NFA

X = 2 x (PX)A

|||||||||||

ok

[Silva, Bonchi, Bonsangue, Rutten, FSTTCS’'10]
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Determinisations

Generative PTS

a % L1 a,%
Y\

L2 L3
b,l\y V 1
L4 XI5
1y y1
* x
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Determinisations
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