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Microcosm principle

(Baez & Dolan)

“A monoid object lives in a monoidal category which is itself a kind of
monoid object."

COSMOS

object in it ... microcosm
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states + transitions
as pairs
(S,a: S — FS), for F a functor
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states + transitions
as pairs
(S,a: S — FS), for F a functor

¢ a uniform way for treating transition systems

® general notions and results, e.g. generic notion of bisimulation
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on coalgebras

Solution:  via nested algebraic structure,
microcosm models
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on coalgebras

Solution:  via nested algebraic structure,
microcosm models

Well-behaved:

* compositional

*

associative, commutative,. . .
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a / b c 7
rv|ly—x |y <= xz—-x,y—y,a=b-c

? Compositionality: z ~a2',y~y = z |y~ |y -
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a / b c 7
rv|ly—x |y <= xz—-x,y—y,a=b-c

? Compositionality: z ~a2',y~y = z |y~ |y -

? Commutativity: z|y~yl|x
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a gy by c 7
rv|ly—x |y <= xz—-x,y—y,a=b-c

? Compositionality: z~z',y~y = z|y~2z' |y -
? Commutativity: z|y~yl|x

? Associativity: (x|y)|z~ax|(y]|2)
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category C

bifunctor on C
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category C

bifunctor on C

nat. iso. a : X (Y ® Z) = (X QY)® Z
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category C @

bifunctor on C

nat. iso.a: X @ (Y Q®2Z) > (XY)eZ *

Example: Sets with cartesian product and

a((r, (Y, 2))) = (£, 9), 2)

... IS moreover symmetric monoidal
N H B EH N
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“ anobject S € C
* with a binary operation m:5® S — S

* which is associative
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“anobject S € C
* with a binary operation m:5® S — S

* which is associative

SRIE®S) —2> (S8 05 2, g5
idem)| jm
S® S d S
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®-categories, if there is a natural transformation
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®-categories, if there is a natural transformation

sync: FXQFY - F(X®Y)

12-2-2007, ICIS colloquium Nijmegen — p.9/24



\/ W L\ o N\ 10 & \ L/ W L\ \J

®-categories, if there is a natural transformation
sync: FXQFY - F(X®Y)

that commutes with the associativity «
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®-categories, if there is a natural transformation
sync: FXQFY - F(X®Y)

that commutes with the associativity «

FX® (FY @ FZ) = (FX®FY)® FZ
sync © (Id® sync) \L \L sync © (sync ® Id)
FIX® (Y ®2)) fa F(X®Y)® Z)
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the category of F-coalgebras is a ®-category
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W ! LA V‘V 7 L WA \J ! \ LA W LA V.V \/ \J W

the category of F-coalgebras is a ®-category

... With
FX FY F(X®Y)
sync
= X d — FXQFY
c®d
X Y XQ®Y
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the category of F-coalgebras is a ®-category

... with
FX % F(X®Y)
sync
C X d — FX@FY
c®d
X Y XQY

Hence - process operations on coalgebras ! I
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... by finality unique homomorphism ||: 7 o 7 — 7
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... by finality unique homomorphism ||: 7 o 7 — 7

associativity: ¢ with || is a semigroup in Coalg »
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assume final F-coalgebra ¢ : 7/ — exists
... by finality unique homomorphism ||: 7 o 7 — 7

associativity: ¢ with || is a semigroup in Coalg »

compositionality:  beh(c® d) = || o (beh(c) ® beh(d))

... beh(c) is obtained by finality ...
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objects: arrows X — ZinC

arrows:  y 1y commuting triangles

NS
Z
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objects: arrows X — ZinC

arrows:  y 1y commuting triangles

NS
Z |
IS a ®-category with
N
XL et ) ¥ xey ™ zezL 2 -
H
N
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objects: arrows X — ZinC

arrows:  y 1y commuting triangles

NS
Z

IS a ®-category with

XL et ) ¥ xey ™ zezL 2

compositionality is direct here !
H B EH N
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®-categories

Coalg r —>" C/Z

DN, :

C

all with identity as sync-map
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r~1y <= beh(c)(z)=Dbeh(d)(y)

compositionality:
Ty~ xeaNd Y~y = T |y~ T2 | Y
bisimilarity is a congruence !
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r~1y <= beh(c)(z)=Dbeh(d)(y)
compositionality:
ri~xoaNd Y~y = x|y~ T2 | Yo

bisimilarity is a congruence !

associativity: r|(ylz)~(x]|y) |z
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vy ooy <= x5y Sy a=b-c
on LTS with finite branching X = P, (A x X) is

compositional and associative
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a 7 by c 7
r|ly—x |y <= xz—-2,y—y,a=b-c

on LTS with finite branching X = P, (A x X) is

compositional and associative -

since the LTS functor is a @-functor with -
|

SynCLTS(U7 V) — {<l7 <U,U>> ‘ <CL,’LL> = Ua <b7 U> = Val — a- b} =
|
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Lp] |y

r|ly—a'|y = p=) a[q],@]y,fl"'“

q,r:l=ab,x —x',y

on PTS with finite branching X = D, (A x X) is

compositional and associative .
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Lp] |y

vly—=a' |y = p=) a[q],y@]y,CI"F

q,r:l=a-b,x —x’,
on PTS with finite branching X = D,,(A x X) is
compositional and associative .

since the PTS functor is a ®-functor with

syncprs(§, )1, (z,y)) = Za,b: 1=ab §(a; ) - (b, y)
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[Hasuo, Jacobs, Sokolova - CMCS’'06]
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* monad 7" - branching type

* functor F' - transition type

12-2-2007, ICIS colloquium Nijmegen — p.17/24



* monad 7" - branching type
* functor F' - transition type
works for LTS and PTS (with termination)
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* monad 7" - branching type
* functor F' - transition type
works for LTS and PTS (with termination)

now: ICO('T') is a ®-category, if T'is a ®-monad.
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* monad 7" - branching type
* functor F' - transition type
works for LTS and PTS (with termination)

now: ICO('T') is a ®-category, if T'is a ®-monad.

hence: compositionality of trace semantics !
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associativity = a set of equations £
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associativity = a set of equations £

®-category — (X, E) -category
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associativity = a set of equations £
®-category — (X, E) -category
®-object — (X, F) -object
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eNSor & gnature

associativity = a set of equations £
®-category — (X, E) -category
®-object — (X, F) -object

®-microcosm model — (3, F') -microcosm model
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ensor ® —  signature
associativity = a set of equations £

®-category — (X, E) -category

®-object — (X, F) -object

®-microcosm model — (3, F') -microcosm model

®-functor — (X, E) -functor
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Y-algebra: YA — A, for f € 2, [f]: A¥l — A, also [¢]
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Y-algebra: YA — A, for f € 2, [f]: A¥l — A, also [¢]

(32, F)-cat.:  X-algebrain Cat s.t. for (s=t) € E

|
there is a nat. i1so. «:
- -
n ~ || o [ |
¢ \_U/__/’C B
[7] .
| H B B B
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> = erz[[f]] ° Ay

example: »={®}, SX=X®X
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> = erz[[f]] ° Ay

example: »={®}, SX=X®X
(¥, E)-object: S-algebrain Cs.t. for (s =t) € E .
[s](A, ) ~ [[t]]( ., A)
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> = erz[[f]] ° Ay
example: »={®}, SX=X®X

(¥, E)-object: S-algebrain Cs.t. for (s =t) € E

[sI(A, ..., A) —=~[{](4, ..., A)
N

microcosm model of (3, F): (3, E)-object in a (3, E')-category
H B EH N
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erzplfl

erz(clfl ersz
v »/ v
C = D
l.e. a family of natural transformations, for f € X -

o [fIFV = F[f]
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erzplfl

erz(clfl erz]])lfl
v Y v
C )

F

l.e. a family of natural transformations, for f € X

o [fIFV = F[f]

that commutes with the equations for (s =t) € F, a,

Foop® = ¢oq EEEn
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the category of F'-coalgebras is a (3, F)-category

with

[11(&) E ¢ = [fle(&)
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by finality | /| : [f|(Z,....72) = Z

equations: ¢ is a microcosm model in Coalg »

-

compositionality:  beh ([f](&)) = [f]¢ © [f]c(beh(c;))
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(32, F)-functors between the (3, E')-categories

beh C/Z
U Am
C

all with identity natural transformations

Coalg »
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For compositionality of trace semantics:

If T"is a (3, F)-monad, then K/(T') is a (X, E')-category
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a small FP-category L with an FP-functor
H : Nat®—L
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a small FP-category L with an FP-functor
H : Nat®—L

[L-category: a (pseudo) functor L & Cat
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a small FP-category IL with an FP-functor
H : Nat®—L

[L-category: a (pseudo) functor L & Cat

[L-object: a lax natural transformation

1
L= ix =Cat
C
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a small FP-category IL with an FP-functor
H : Nat®—L

[L-category: a (pseudo) functor L & Cat

[L-object: a lax natural transformation
1
/—’_\
L\iié_(/(]at

All results hold - even in greater generality !
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[on different levels of abstraction]
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[on different levels of abstraction]

* structured base category and compatible functor
yields structure on coalgebras
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[on different levels of abstraction]

* structured base category and compatible functor
yields structure on coalgebras

* process operations satisfy equations
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- nested structure: microcosm models
[on different levels of abstraction]

* structured base category and compatible functor
yields structure on coalgebras

* process operations satisfy equations
* compositionality
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