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Transition systems

TSisapair (S,a:S — PS)
Hence a coalgebra of the powerset functor P
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Transition systems

TSisapair (S,a:S — PS)
Hence a coalgebra of the powerset functor P

LTS is a pair (S, : S — PS4)
A - a fixed set of actions (labels)
Coalgebra of the functor P~

Note: P4 = P(A x T)
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Introduction of probabilities

There are many waysto do it ...

Examples:
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Introduction of probabilities

There are many waysto do it ...

13 types of systems - from the literature
with (or without):

e action labels

* nondeterminism

 probabilities
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Existing system types

MG
PZ
Alt Seg
SSeg Var
Str React NA Gen

MC DA

Bun
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System types

The (probabilistic) models of systems we
consider are coalgebras

(S,a), a: 5 — FS
for a functor F built by the following syntax

Fu=C|T|P| Dy |F+F|FxF|FC|FF
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System types

The (probabilistic) models of systems we
consider are coalgebras

(S,a), a: S — FS
for a functor F built by the following syntax
f:::cu\myf+f\f><f\fc\ff
DS ={p:5—[0,1],u[S] =1}, p[X] =2 cx nlz)

Dof :DuS — DT, Do f(p)(t) = plf~({t})]
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Probabillistic system types

MC D,

DA (Z+1)4

NA P(AxT)=pA
React | (D, +1)4

Gen D,(AXI)+1
Str D, + (AXT)+1
Alt D, +P(AXTI)
Var D,(AXI)+P(AXI)
SSeg | P(A xD,)

Seg PD,(A xT)

Bun | D,P(AxTI)+1
PZ PD,P(A x1I)
MG | PD,P(AXTI+7T)
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Probabillistic system types

MC | D,
DA (Z+1)4
NA P(AxT)x=PA

React | (D, +1)4 ;
Gen | D, (AxTI)+1 al1] [32] b[1]
Str | D+ (AxT)+1 5/3

Alt D, +P(AxT)

Var D,(AXI)+P(AXI)
SSeg | P(A xD,)

Seg PD,(AXTI)

Bun | D,P(AxTI)+1

PZ PD,P(A x1I)

MG | PD,P(AxTI+1T)

S
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Probabillistic system types

MC | D,
DA (Z+1)4
NA P(AxT)=pA

React | (D, +1)4 :

Gen | Dy(Ax7T)+1 al}] aé] b[3]

Str D, + (AXT)+1 5/

Alt D,+P(AXTI) o o o
Var D,(AxZI)+P(AxTI) g g
SSeg | P(A x D) e o
Seg PD,(A xT) ﬁ 2

Bun | D,P(AxTI)+1
PZ PD,P(A x1I)
MG | PD,P(Ax T +1)
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Probabillistic system types

MC
DA
NA
React
Gen
Str
Alt
Var
SSeg
Seg
Bun
PZ
MG

D,

(T+1)4
P(AxT)x=PA
(D, +1)4
D,(AXT)+1
D,+ (AxXZT)+1
D, +P(AXTI)
Dy(AXTI)+P(AXTI)
P(A xD,)
PD,(A xT)
D,P(AXTI)+1
PD,P(A x1I)
PD,P(AXZT+1I)
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Probabillistic system types

MC | D,

DA (Z+1)4
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Probabillistic system types

MC D,

DA (Z+1)4

NA P(AxT)=pA
React | (D, +1)4

Gen D,(AXI)+1
Str D, + (AXT)+1 %/
Alt D, +P(AxT)

Var Dy,(AXxZI)+PAxTI) %lx
SSeg | P(A xD,)

Seg PD,(A xT)

Bun | D,P(AxTI)+1
PZ PD,P(A x1I)
MG | PD,P(AXTI+7T)
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Coalgebraic bisimulation

A bisimulation between two F-coalgebras (S, a)
and (7', 3) is a span

(R,r1: R— S,r9: R—T)

such that there exists a F-coalgebra structure
~ on R making ...
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Coalgebraic bisimulation

A bisimulation between two F-coalgebras (S, a)
and (7', 3) is a span

(R,r1: R— S,r9: R—T)

such that there exists a F-coalgebra structure
~ on R making ...

1 T2

S T

al lv lﬁ

fSﬁfR?m]:T
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Coalgebraic bisimulation

1 T2

5} R 1
al lv lﬁ
FS?HFR?QFT

Note:

Concrete strong bisimulation is
coalgebraic bisimulation !
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An Intuitive translation

simple Segala system — Segala system
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simple Segala system — Segala system
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An Intuitive translation

simple Segala system — Segala system
® ®

| l
° /% \\J\,\gn\\& ° %p2]\\\,€%-]\k

(S, a) (S, o)
a:S—P(AxD,S) a S — PD,(AXS)
a(s) = (ai, ) |t € I} a/(s) = {0q, - pi | i € I}

where (y - 1) (2, 2) = p() - (')

and ¢,(b)

1 ifa=0,
0 otherwise.
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An Intuitive translation

simple Segala system — Segala system
o ®

g |
1 e P alp1] o alpy]
I T S

When do we consider one type of systems more
expressive than another?
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Expressiveness

Our approach:

Systems of type F are at most as expressive as
systems of type G, If there is a mapping

7T : Coalgr — Coalgg
with
(S, a) — <S )
that preserves and reflects bisimilarity:

$(S,a) ~ UT.B) = ST(S,a) ~ LT(T,B)
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Translation of coalgebras

In the simple vs. ordinary Segala System
example with ¥ x(a, i) :== 9, - 1 we find

PY:P(AxD,) = PD,(AXxTI).
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Translation of coalgebras

In the simple vs. ordinary Segala System
example with ¥ x(a, i) :== 9, - 1 we find

PY:P(AxD,) = PD,(AXxTI).

Generally, 7 : 7 = G Induces
7. : Coalgr — Coalgg:

S S
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Reflection of bisimilarity

7. always preserves but need not reflect
bisimilarity.

Counter-example:

7 := [supp,l] : D, +1 =P
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Reflection of bisimilarity

7. always preserves but need not reflect
bisimilarity.

Counter-example:

7 := [supp,l] : D, +1 =P
T

N\
o

Y\E\JI\M
Wl

£

O <~——~ 0
O <~——~ @0
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Bisimulation reflection result

Lemma
If all components of the natural transformation

T: F=(G

are injective and F preserves weak pullbacks,
then 7. reflects bisimularity.
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Bisimulation reflection result

Lemma
If all components of the natural transformation

T: F=(G

are injective and F preserves weak pullbacks,
then 7. reflects bisimularity.

Used In the proof:
Behavioural equivalence defined in terms of
cospans.
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Cocongruences

A cocongruence between two F-coalgebras
(S,ay and (T, () is a cospan (@, q1, g2) such that
there exists v : () — F() with

S d1 Q q2 T

al g lﬂ

y
fS]_-—q;]:Q%fT
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Cocongruences

A cocongruence between two F-coalgebras
(S,ay and (T, () is a cospan (@, q1, g2) such that
there exists v : () — F(Q with

S d1 Q q2 T

al g lﬂ

y
fSﬁfQ%fT

States identified by some cocongruence are
called behaviourally equivalent.
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Weak pullback preservation

 Bisimilarity implies behavioural equivalence.
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Weak pullback preservation

 Bisimilarity implies behavioural equivalence.

 If F preserves weak pullbacks, then
behavioural equivalence implies bisimilarity.
= both notions coincide.
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Weak pullback preservation

 Bisimilarity implies behavioural equivalence.

 If F preserves weak pullbacks, then
behavioural equivalence implies bisimilarity.
= both notions coincide.

Note:
All functors for the probabilistic system types
preserve weak pullbacks.
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Assumptions of the Lemma

« The assumption on the functor cannot be
omitted.

Counter-example:
Built on

FX :={(z,y,2) € X° | |{z,y,2}] <2}.
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Assumptions of the Lemma

« The assumption on the functor cannot be
omitted.
Counter-example:
Built on

FX :={(z,y,2) € X° | |{z,y,2}] <2}.

« Componentwise injectivity of 7 Is not
necessary.

Example: supp: D, = P
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Some basic transformations
Injective natural transformations:
e n: 1= P with nx(x) := 0,
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Some basic transformations
Injective natural transformations:
e n: 1= Pwith nx(x) := 0,
e 0:71 = Pwithox(x) := {z},
e 0: 7 =D, with 6x(z) := 9, (Dirac),
e y: F=F+Gand . :G = F +,

c 0+ : F+G=F +7G for
¢:F=F and ¢y :G = G (both withi.c.),

e k: A XP="P(AxT)with
kx(a, M) :={{a,x) | x € M},
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Some basic transformations
Injective natural transformations:
e n: 1= Pwith nx(x) := 0,
e 0:71 = Pwithox(x) := {z},
e 0: 7 =D, with 6x(z) := 9, (Dirac),
e y: F=F+Gand . :G = F +,

c o+ F+G= F + G for
¢:F=F and ¢y :G = G (both withi.c.),
o k:AXP=P(A xTI) with
wx(a, M) == {(a,z) | & € M},
e V:AXxD,= D,A xI)with
Vx(a, ) := dq - .
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Expressiveness in the example

Simple Segala Systems
(functor: F :=P(A xD,) )

are at most as expressive as
(ordinary) Segala Systems
(functor: G := PD, (A x 1) ).

Proof:
Py :F =G

has injective components.
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The hierarchy of system types

/ N

/SSe \ /V(ar\
f X

MC DA



Conclusion

 Various probabillistic system types were
compared
« The coalgebraic approach proved useful for:
+ providing a uniform framework
+ a general notion of bisimulation
* proving a comparison result
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