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Trace axioms for PTS
Sivags 2011

Axioms for bisimilarity

+

p-a-(piEi @®p2Es) = p1-a-pEi@®ps-a-pEy (D)

soundness and IN positive convex

completeness algebras
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The quest for completeness

Inspired lot of new research:

e Congruences of convex algebras

e Proper functors -

NelW,

f.o. =1.Q.
for (positive)
convex algebras

B pi =t giand

our axiomatisation is then completeness

complete since a functor
F* (on positive convex
algebras) is proper

does not hold
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Semirings, functors

Semiring S = (S,+,0,-,1) two monoids with a zero

and distributive laws
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Semirings, functors

Semiring S = (S,+,0,-,1) two monoids with a zero
and distributive laws

Weighted automata (WA) with semiring weights

on S-SMOD

labels

Ana Sokolova pmunversiTy FoSSaCS’ 18

of SALZRURG



Semirings, functors

Semiring S = (57 +.0, -, 1) two momids With a zero
and distributive laws

Weighted automata (WA) with semiring weights

on S-SMOD

labels

states have algebraic structure
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Semirings, functors

Semiring S = (S,+,0,-,1) two monoids with a zero
and distributive laws

Weighted automata (WA) with semiring weights

on S-SMOD

labels

states have algebraic structure

But also positive convex algebras and two functors for
WA with weights in positive convex algebras.
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Proper semirings, proper functors
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Proper semirings, proper functors

A semiring is proper iff the semiring functor on S-SMOD |s.

UNIVERSITY
Ana Sokolova Hm SALZHURG

FoSSaCS’18



Proper semirings, proper functors

A semiring is proper iff the semiring functor on S-SMOD |s.

-
-

the semiring functor Fs =S X (—)A
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Proper semirings, proper functors

A semiring is proper iff the semiring functor on S-SMOD |s.

the semiring functor Fs =S X (—)A

It a semiring is proper and effectively representable,
then equivalence of weighted automata is decidable,
_for finite alphabets.
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Proper semirings
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Proper semirings

Esik&Maletti 2010

4 N
A semiring is proper iff for every two equivalent states x =y in WA with
f.f.g. carriers, there is a zigzag of WA whose all nodes have f.t.g. carriers
that relates them
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Proper semirings

~ )
A semiring is proper iff for every two equivalent states x =y in WA with
f.f.g. carriers, there is a zigzag of WA whose all nodes have f.f.g. carriers
that relates them

free

finitely
generatead
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Proper semirings

4 D
A semiring is proper iff for every two equivalent states x = y in WA with
f.f.g. carriers, there is a zigzag of WA whose all nodes have f.f.g. carriers

that relates them

4 n ) 4 m )

free S \ /.\ /.\ / S

" - ® ''"' @ -

finitely J/ l
generated S x (Sm)4 S x (§™)4
_ Y, _ Y,

- Y,
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Wis=@ Proper functors

4 D
A semiring is proper iff for every two equivalent states x = y in WA with
f.f.g. carriers, there is a zigzag of WA whose all nodes have f.f.g. carriers

that relates them

~ ™ ~ ™

free \ /‘\ /.\ /

. - ® "' @ -

finitely

generatead
_ Y, y Y,
_ Y,
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Wis=@ Proper functors

4 D
A semniring IS proper iff for every two equivalent states x = y in WA with
f.f.g. carriers, there is a zigzag of WA whose all nodes have f.f.g. carriers

that relates them

~ ™ ~ ™

free \ /‘\ /.\ /

. - ® "' @ -

finitely

generatead
_ Y, y Y,
_ Y,

Ana Sokolova pmunversiTy FoSSaCS’ 18

of SALZRURG



Wis=@ Proper functors

functor F on an

algebraic category

4 D
A semniring IS proper iff for every two equivalent states x = y in WA with
f.f.g. carriers, there is a zigzag of WA whose all nodes have f.f.g. carriers

that relates them

~ ™ ~ ™

free \ /.\ /.\ /

. - ® "' @ -

finitely

generatead
_ Y, y Y,
_ Y,
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WiE=® Proper functors

behaviour
equivalence

functor F on an

algebraic category

4 A
A semniring IS proper iff for every two equivalent states x = y in WA with
f.f.g. carriers, there is a zigzag of WA whose all nodes have f.t.g. carriers
that relates them
4 R r R
free D N e
" - - - -
finitely
generatead
- Y, - Y,
_ y
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WiE=® Proper functors

behaviour
equivalence

functor F on an

algebraic category

4 A
A semniring IS proper iff for every two equivalent states x = y in WA with
f.f.g. carriers, there is a zigzag of WA whose all nodes have f.t.g. carriers
that relates them
4 R r R
free "~ /‘\ L /.\ o
" - - - -
finitely
generatead
- Y, - Y,
_ y
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WiE=® Proper functors

behaviour F-coalgebras
equivalence

functor F on an

algebraic category

4 A
A semniring IS proper iff for every two equivalent states x = y in WA with
f.f.g. carriers, there is a zigzag of WA whose all nodes have f.t.g. carriers
that relates them
4 R r R
free "~ /‘\ L /.\ o
" - - - -
finitely
generatead
- Y, - Y,
_ y
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behaviour F-coalgebras
equivalence
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algebraic category

4 A
A semniring IS proper iff for every two equivalent states x = y in WA with
f.f.g. carriers, there is a zigzag of WA whose all nodes have f.f.g. carriers
that relates them
4 R r R
free "~ /‘\ L /.\ o
" - - - -
finitely
generatead
- Y, - Y,
_ y

Ana Sokolova pmunversiTy FoSSaCS’ 18

of SALZRURG



WiE=® Proper functors

behaviour F-coalgebras
equivalence

functor F on an

algebraic category | Set’

4 A
A semniring IS proper iff for every two equivalent states x = y in WA with
f.f.g. carriers, there is a zigzag of WA whose all nodes have f.f.g. carriers
that relates them
4 R r R
free "~ /‘\ L /.\ o
" - - - -
finitely
generatead
- Y, - Y,
_ y

Ana Sokolova pmunversiTy FoSSaCS’ 18

of SALZRURG



WiE=® Proper functors

behaviour F-coalgebras
equivalence

functor F on an

algebraic category | Set’

4 A
A semniring IS proper iff for every two equivalent states x = y in WA with
f.f.g. carriers, there is a zigzag of WA whose all nodes have f.f.g. carriers
that relates them
4 R r R
free I'n "~ /‘\ L /.\ o
" - - - -
finitely l
generatead
FTn
- Y, - Y,
_ y
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functor F on an

algebraic category | Set’

WiE=® Proper functors

behaviour
equivalence

F-coalgebras

4 A
A semniring IS proper iff for every two equivalent states x = y in WA with
f.f.g. carriers, there is a zigzag of WA whose all nodes have f.f.g. carriers
that relates them
N
free Tn N /‘\ /.\ / Tm
" - - - -
finitely l l
generatead
FIn FT'm
Y,
_ y
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Proper functors
Wilus 2017

f.f.g. carriers that relates them.

A functor F on an algebraic category SetT, for a finitary monad T, is proper ift
for every two behaviourally equivalent states x =y in F-coalgebras with
f.f.g. carriers, there is a zigzag of F-coalgebras whose all nodes have

~

" ) ~ )
free o \o‘/‘\‘o .‘/.\o‘/ o
finitely l l
generated FTn FTm
- Y, - Y,
-
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Proper functors
Wilus 2017

~ A
A functor F on an algebraic category Set! for a finitary monad T, is proper iff
for every two behaviourally equivalent states x =y in F-coalgebras with
f.f.g. carriers, there is a zigzag of F-coalgebras whose all nodes have
f.f.g. carriers that relates them.

4 e R
T T
oo n \./.\. o ./.\./ m
finitely l l
generated FTn FTm
- N\ Y,
- Y
Proper functors enable “easy” completeness proofs of axiomatizations of expression
languages...
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Proper functors

Milius 2017

~ A
A functor F on an algebraic category SetT, for a finitary monad T, is proper iff
for every two behaviourally equivalent states x =y in F-coalgebras with
f.f.g. carriers, there is a zigzag of F-coalgebras whose all nodes have
f.f.g. carriers that relates them.

4 R
free Tn \o‘/.\o L ./.\O/ Hm
finitely l l
generated FTn FTm
- Y,
- y
Proper functors enable “easy” completeness proofs of axiomatizations of expression
languages...
proving properness
is difficult
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Previous results

* Boolean semiring Bloom & Esik 93,

e Finite commutative ordered semirings — G

» Eucledian domains, skew fields (BEalGIECTBaaaaEEn® €

e Noetherian semirings, commutative rings, finite semirings

! ewamaerio @
' * Tropical semiring — ]
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Previous results

* Boolean semiring Bloom & Esik 93,

e Finite commutative ordered semirings — G

» Eucledian domains, skew fields (BEalGIECTBaaaaEEn® €

e Noetherian semirings, commutative rings, finite semirings

eskamaenio @

e N,B,Z, skew fields

these are all

.
Known
(im)proper
_ o semirings
[ Tropical semiring Esk&Maeti0 |
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Here

[ Framework for proving properness j

e Naturals N

e Noetherian ’

\- Yy

+ [0,1] x (—)* ©

e * a subfunctor of the above a
. Y

UNIVERSITY
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Here

[ Framework for proving properness j

’ e Non-negative rationals Q+

e Noetherian

e Naturals N e Non-negative reals

\ J L y,

— on positive

convex
algebras

o [0,1] x (—)* O

e * a subfunctor of the above a
. Y
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The proot methoo

( Noetherian ) Fs=S x (_)A
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The proot methoo

( Noetherian )

™1 T

S™ S x Sn2
€1 d1 # | do
FgSm < Fg(S™ x §m2) —

UNIVERSITY
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The proot methoo

( Noetherian )
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S™ S x Sn2
€1 d1 # | do
FgSm < Fg(S™ x §m2) —

UNIVERSITY

Ana Sokolova PRisAZEurs

S

C2

FsS™2

—

FS =9 X (—)A

FoSSaCS’18



The proot methoo

( Noetherian ) Fs=S x (_)A

1

T2

sm

1 di| F |d 2 q

S x Sn2 S

FS7T2

FgS™ F's (Snl X SnQ) FgS™2
S S™2
UI
S - Z - S
C1 d Co
FeSm <11 poy 5T pogns
M

Sx (SP1x Snz)4
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The proot methoo

[ Noetherian ]

1

T2

S™ S x Sn2
€1 d1 # | do
FeSm <1 Fg(Sm x §™2)

UNIVERSITY

Ana Sokolova PRisAZEurs

Fsmo

S

C2

FsS™2

ST

C1

FgS™

FS =9 X (—)A

subsemimodule

= f.Q.
S™x S"2
UI
1 Z T2 SnQ
d C2
FS7T1 FSZ FS7T2 FSSn2
1M

Sx (Smx Snz)4
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The proot methoo

[ Noetherian ]

1

T2

S™ S x Sn2
€1 d1 # | do
FeSm <1 Fg(Sm x §™2)

UNIVERSITY
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Fsmo

S

C2

FsS™2

ST

C1

FgS™

FS =9 X (—)A

subsemimodule

= f.Q.
ST S since
_ V! Noetherian
A
d C2
FS7T1 FSZ FST('Q FSSn2
N

Sx (Smx Snz)4
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The proot methoo

[ Semiring S, ring completion Noetherian Fs =S x (_)A

K" x [K™2
Ul
Snl ............ > Enl T1 Z T2 E?’LQ < Sn2
“1 C1 d C2 C2
Y v

n n Fgmy Frmo n o
FgS™ > FplE™ Frz FpE"? <. FsS™2

1M

Ex (E™x En2)A
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The proot methoo

[ Semiring S, ring completion Noetherian Fs =S x (_)A

"% "2
Ul
i A T Er2 <. Sne
v
e FrZz Fem FpE™ <. FgSr2
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Ex (E™x En2)A
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The proot methoo

[ Semiring S, ring completion Noetherian Fs =S x (_)A

[ x K2
UI

T1 T2

Frm Frmo

Ex (E™x En2)A
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The proot methoo

[ Semiring S, ring completion Noetherian Fs =S x (_)A

[ x K2
UI

T1 T2

Frm Frmo

Ex (E™x En2)A

extension
lemma
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The proof method

[ Semiring S, ring completion Noetherian Fs =S x (_)A

M K2

extension
lemma o
(Sn2762)
f.g.in [E-SMOD
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The proof method

[ Semiring S, ring completion Noetherian Fs =S x (_)A

M K2

extension
lemma -

(Sn2 ) 62)

f.g.in [E-SMOD

UNIVERSITY

Ana Sokolova PRisAZEurs

FoSSaCS’18



Reduction lemma
Feducton lemma

For a semiring S, ring completion [E |
Z N (S™ xS"?) isf.g.in S-SMOD
4 y
S N Q4 Ry
E Z Q R
S-SMaD || N-SMOD (CMON) | Q.-SMOD R -SMOD (CONE)
E-MOD || Z-MOD (AB) | Q-MOD (Q-VEC)|R-MOD (R-VEC)
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Reduction lemma
Feducton lemma

For a semiring S, ring completion [E |
Z N (S™ xS"?) isf.g.in S-SMOD
N y
S N Q4 Ry
E Z Q R
S-SMaD || N-SMOD (CMON) | Q.-SMOD R -SMOD (CONE)
E-MOD || Z-MOD (AB) | Q-MOD (Q-VEC)|R-MOD (R-VEC)

Hilbert 1890

UNIVERSITY

Ana Sokolova PRisAZEurs

FoSSaCS’18



Reduction lemma
Feducton lemma

For a semiring S, ring completion [E |
Z N (S™ xS"?) isf.g.in S-SMOD
N y
S N Q4 Ry
E Z Q R
S-SMaD || N-SMOD (CMON) | Q.-SMOD R -SMOD (CONE)
E-MOD || Z-MOD (AB) | Q-MOD (Q-VEC)|R-MOD (R-VEC)

Hilbert 1890 conseqguence

Ana Sokolova P8SetTeire FoSSaCS’ |8



Reduction lemma
Feducton lemma

For a semiring S, ring completion [E |
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Reduction lemma
Feducton lemma

For a semiring S, ring completion [E |

Z N (S™ xS"?) isf.g.in S-SMOD
N y
e
E Z Q R
S-SMaD || N-SMOD (CMON) | Q.-SMOD R -SMOD (CONE)
E-MOD || Z-MOD (AB) | Q-MOD (Q-VEC)|R-MOD (R-VEC)

Minkowski
1896

Hilbert 1890 conseqguence
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On positive convex algebras

WA functor Fio1) = [0,1] x (=)4

-

arising from trace

and its subfunctor F* ssdare T BT
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On positive convex algebras

WA functor

and its subfunctor F*

-

F[O,l] — [07 1] X

(—)*

arising from trace

axioms for PTS

8 )
= {(o, f) € Fyo,11(X )]VaEA.EIpaE[O,l].Elacan.o—l—Zpa<1/\f(a)=paa:a}
a€A
\_ J
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On positive convex algebras

The prooft of properness works

For 1] = similarly via the extension and
reduction lemma
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On positive convex algebras

For

Ana Sokolova ™

-
N

S 0,1]

K R

C PCA

E-MOD || R-MOD (R-VEC)

IIIIIIIIII
oooooooooo

The prooft of properness works

similarly via the extension and
reduction lemma
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On positive convex algebras

The prooft of properness works

For 1] = similarly via the extension and
reduction lemma

_
S 0, 1]
E R Minkowski
C PCA 1896

E-MOD || R-MOD (R-VEC)
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On positive convex algebras

-
For
\_
S 0, 1]
I R
C PCA
E-MOD | R-MOD (R-VEC)

for the subfunctor F*

UNIVERSITY

Ana Sokolova PRsazitke

the proof of properness
requires additionally

Minkowski
1896

something new

The prooft of properness works

similarly via the extension and
reduction lemma

Kakutani fixpoint
theorem
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1o summarise

- ~

e framework for proving properness

e proofs that old and new semirings are proper

_® convex WA functor and subfunctor is proper y
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1o summarise

via extension and

reduction lemma

e framework for proving properness

e proofs that old and new semirings are proper

_® convex WA functor and subfunctor is proper y
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1o summarise
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IN MOst cases one
span suffices
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1o summarise
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1o summarise

via extension and

reduction lemma
IN MOst cases one
span suffices

e framework for proving properness

e proofs that old and new semirings are proper

_® convex WA functor and subfunctor is proper

only here a zigzag is needed reduction lemmas

via strong classical
results
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1o summarise

via extension and

reduction lemma

IN MOst cases one
span suffices

e framework for proving properness

e proofs that old and new semirings are proper

_® convex WA functor and subfunctor is proper y

only here a zigzag is needed reduction lemmas

via strong classical
results

Thank You !
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