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Coalgebras

Uniform framework for dynamic transition systems, based on 
category theory.  

X
cÑ FX generic notion of behavioural equivalence 

«

states

object in the base 
category C

behaviour 
type

functor on the  
base category C 

form a 
category too

CoAlgCpF q
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Probabilistic systems 
coalgebraically

Ana Sokolova 

Probability distribution functor on Sets

for f : X Ñ Y we have Df : DX Ñ DY by

Coalgebra Now @ FloC 8.7.18

Dfp⇠qpyq “
ÿ

xPf´1pyq
⇠pxq “ ⇠pf´1pyqq

a monad

DX “ t⇠ : X Ñ r0, 1s |
ÿ

xPX
⇠pxq “ 1, suppp⇠q is finiteu



Probabilistic systems 
coalgebraically

Ana Sokolova 

Probability distribution monad on Sets
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a monad !

pDX, ⌘, µq
⌘X : X Ñ DX
µX : DDX Ñ DX

unit

multiplication

⌘Xpxq “ px fiÑ 1q
µXpp⇠i fiÑ piqq “

ÿ
pi⇠i

convex 
combination

Dirac 
distribution



Probabilistic systems 
coalgebraically

Ana Sokolova 

Probability distribution monad on Sets
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a monad !

pDX, ⌘, µq
⌘X : X Ñ DX
µX : DDX Ñ DX

unit

multiplication

⌘Xpxq “ 1x

µXp
ÿ

pi⇠iq “
ÿ

pi⇠i



Examples

X
cÑ FX

MC

X ➝ D(X)

x1
1
3

||

1
6

✏✏

1
2

""
x2

1

33 x3

1

kk x4

1

kk

all on 
   Sets

PA

X ➝ P (D(X))A

x1a

||
a

""

b

��

2
3

||

1
3

""

1
2

""

1
2

||
x2

a

33 x3

b

kk x4

b

kk

Generative PTS

X ➝ D (1 + A x X)

x1a, 12
}}

a, 12
!!

x2
b,1 ✏✏

x3
c,1✏✏

x4
1 ✏✏

x5
1✏✏˚ ˚
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Convex Algebras

• algebras  

• convex (affine) maps

Ana Sokolova 

pi P r0, 1s,
nÿ

i“1

pi “ 1pA,
nÿ

i“1

pip´qiq

infinitely many  
finitary operations convex 

combinations

h

˜
nÿ

i“1

piai

¸
“

nÿ

i“1

pihpaiq
nÿ

i“1

pi

˜
mÿ

j“1

pi,jaj

¸
“

mÿ

j“1

˜
nÿ

i“1

pipi,j

¸
aj

nÿ

i“1

piai “ ak, pk “ 1

satisfying

• Projection 

• Barycenter

binary ones 
“suffice”
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Eilenberg-Moore Algebras

• objects 
 

• morphisms

Ana Sokolova 

convex algebras 
abstractly

satisfying

A
a

⌘ // DA
a✏✏

A

DDA
Da ✏✏

µ // DA
a✏✏

DA
a // A

EMpDq

DA
a✏✏

A

hDA
a✏✏

A

DB
b✏✏

B

DA
a ✏✏

Dh// DB
b✏✏

A
h // B
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Free Convex Algebras

Ana Sokolova 

pi P r0, 1s,
nÿ

i“1

pi “ 1

convex combinations as 
expected

ÿ
pi⇠i “ ⇠ ô @x P X. ⇠pxq “

ÿ
pi⇠ipxq

normed vector spaces over the scalar field R and morphisms are positive and
linear contractions between such spaces. The functor ∆ : Vec+

1
→ Sets which

acts on objects as

∆(V ) :=
{

x ∈ V | ∥x∥ ≤ 1, x ≥ 0
}

,

and on morphisms as restriction to ∆(V ), has a left adjoint. It turns out
that the algebraic category PCA is the category of Eilenberg-Moore algebras
of the monad induced by this adjunction, cf. [Pu84]. Moreover, the monad in
question is actually the discrete subprobability distribution monad, hence PCA

is the category of Eilenberg-Moore algebras of the subprobability distribution
monad [Do06, Do08].

Our aim in this paper is to achieve full understanding of the structure of
finitely generated algebras in CA (PCA and TCA). We manage this with Theorem
4.3 and 4.4 below, where we describe the congruences on any polytope in the
euclidean space Rn considered as a convex algebra.

It is simple to check that, for each n ∈ N+, the free algebra Fn in CA with n
generators is given by the standard (n−1)-simplex in Rn (a particular polytope).
For n = 3, we can picture this algebra as1

(1.1)

Clearly, knowing all congruences of the free algebras Fn, n ∈ N+, is enough to
understand all finitely generated algebras in CA. These results on CA can be
transferred to PCA and TCA. Therefore, we also achieve full understanding of
the structure of finitely generated positive convex or totally convex algebras.

Besides its obvious intrinsic interest, our motivation to investigate finitely
generated algebras in CA (PCA or TCA) originates in a categorical problem. The
probability subdistribution monad arising from the above mentioned adjunction,
including the functor ∆, and its Eilenberg-Moore algebras play a crucial role in
connection with the axiomatization of trace semantics for probabilistic systems
given in [SS11]. There the question arose whether or not each finitely generated
algebra in PCA is also finitely presentable. Using the newly established knowl-
edge about congruence relations, we can answer this question affirmatively, cf.
Corollary 5.3.

Historically, work on convex algebras can be traced back (at least) to [Se67].
The theory of totally convex algebras (and their analogues allowing infinitary op-
erations) started in [PR84], where they were realized to be the Eilenberg-Moore
algebras associated with the adjunction induced by the unit ball functor from the
category of Banach spaces (with linear contractions) to Sets. A similar treat-
ment of positive convex algebras was given shortly after in [Pu84]. Later on these
notions were extensively studied, mainly focussing on the categorical viewpoint

1Picture source: http://en.wikipedia.org/wiki/Simplex

2

finitely generated  
free convex algebras are 

simplexes

wherever there 
are distributions, 

there is 
convexity

DX “ pDX,
nÿ

i“1

pip´qiq

carried by distributions
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Convexity in Probabilistic 
Systems Semantics
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Traces

Ana Sokolova 

X
cÑ FX

Generative PTS

D (1 + A x (-))

x1a, 12
}}{{{

a, 14
!!CCC

x2
b, 13 ✏✏

x3
c, 12✏✏

x4
1 ✏✏

x5
1✏✏

tr(x1)(ab) =
1

6
tr(x1)(ac) =

1

8

tr : X ! DA⇤
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Traces via determinisation

Ana Sokolova 

X
cÑ FX

Generative PTS

D (1 + A x (-))

x1a, 12
}}{{{

a, 14
!!CCC

x2
b, 13 ✏✏

x3
c, 12✏✏

x4
1 ✏✏

x5
1✏✏

tr(x1)(ab) =
1

6
tr(x1)(ac) =

1

8

tr : X ! DA⇤

trace = bisimilarity after 
            determinisationHappens in 

convex algebra
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Trace axioms for generative PTS

Ana Sokolova 

X
cÑ FX

Axioms for bisimilarity

p a p1E1 p2E2 p1 a pE1 p2 a pE2 D

soundness and 
completeness 

Happens in 
convex algebra [Silva, S.  MFPS’11]
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Trace axioms for generative PTS

Ana Sokolova 

X
cÑ FX

Generative PTS

D (1 + A x (-))

‚a, 12
��

a, 14
��‚

b, 13 ✏✏
‚
c, 12✏✏‚

1 ✏✏
‚
1✏✏˚ ˚

‚
a, 12 ✏✏‚b, 13
��

c, 14
��‚

1 ✏✏
‚
1✏✏˚ ˚

1

2
a

1

3
b 1

1

4
a

1

2
c 1

Cong 1

2
a

1

3
b 1

1

2
a

1

4
c 1

D 1

2
a

1

3
b 1

1

4
c 1

1

4
a

1

2
c 1

D 1

2
a

1

4
c 1
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The quest for completeness

Ana Sokolova 

X
cÑ FX

Inspired lots of new research: 

• A. S., H. Woracek Congruences of convex algebras JPAA’15  
 

• S. Milius Proper functors CALCO’17 

our axiomatisation would 
be proven complete if 

only one particular 
convex functor were 

proper

if f.p. = f.g. and 

then completeness

does not hold

it works ! [S., Woracek  FoSSaCS’18]
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Finitely generated, 
finitely presentable

Ana Sokolova 

finitely generated (f.g.)    =   quotients of free finitely generated ones

finitely presentable (f.p.)    =   quotients of free finitely generated ones 
                                             under finitely generated congruences

smallest congruence 
containing a finite set of pairs

[S., Woracek  JPAA’15]

Theorem

Every congruence of convex algebras is f.g. 
Hence f.p. = f.g.
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Proper semirings

Ana Sokolova 

Ésik&Maletti 2010

A semiring is proper iff for every two equivalent states x ≡ y  in WA with  
f.f.g. carriers, there is a zigzag of WA whose all nodes have f.f.g. carriers  
that relates them

free  
finitely  

generated

Sn

✏✏
S ˆ pSnqA

Sm

✏✏
S ˆ pSmqA

…
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Proper functors

Ana Sokolova 

A semiring is proper iff for every two equivalent states x ≡ y  in WA with  
f.f.g. carriers, there is a zigzag of WA whose all nodes have f.f.g. carriers  
that relates them

…

Milius 2017

functor F on an 
algebraic category

behaviour 
equivalence

F-coalgebras

free  
finitely  

generated

SetT

Tn

✏✏
FTn

Tm

✏✏
FTm

Coalgebra Now @ FloC 8.7.18



Proper functors

Ana Sokolova 

A functor F on an algebraic category           , for a finitary monad T, is proper iff  
for every two behaviourally equivalent states x ≡ y  in F-coalgebras with  
f.f.g. carriers, there is a zigzag of F-coalgebras whose all nodes have  
f.f.g. carriers that relates them.

…

Milius 2017

free  
finitely  

generated

Tn

✏✏
FTn

Tm

✏✏
FTm

SetT

Proper functors enable “easy” completeness proofs of axiomatizations of expression 
languages… 

proving properness  
is difficult
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• Boolean semiring 

•  Finite commutative ordered semirings  

•  Eucledian domains, skew fields  

•             , skew fields  

•  Noetherian semirings, commutative rings, finite semirings  

Bloom & Ésik ‘93

Previous results

Ana Sokolova 

X
cÑ FX

 Proper:

7

N,B,Z

 Improper:

• Tropical semiring 

Ésik & Kuich ‘01

Béal & Lombardy & Sakarovich ‘05 2

Béal & Lombardy & Sakarovich ‘05 1

Ésik & Maletti ‘10 1

Ésik & Maletti ‘10

these are all 
known 

(im)proper 
semirings
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•  Noetherian  

•  Naturals 

We have

Ana Sokolova 

X
cÑ FX

 Instantiate it on known semirings

Framework for proving properness  

1

1 •  Non-negative rationals 

•  Non-negative reals  

 Prove new semirings proper

1

1

N

Q`

R`

•   

•  F*, a subfunctor of the above  

 Prove new convex functors proper

3

1r0, 1s ˆ p´qA
on positive 

convex 
algebras SetD

Coalgebra Now @ FloC 8.7.18
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Determinisations

X
cÑ FX

Generative PTS

X ➝ D (1 + A x X)

x1a, 12
}}

a, 12
!!

x2
b,1 ✏✏

x3
c,1✏✏

x4
1 ✏✏

x5
1✏✏˚ ˚

x1
a ✏✏

1
2x2 ` 1

2x3
b
xx

c
&&

1
2x4
1
2 ✏✏

1
2x5

1
2✏✏˚ ˚

[Jacobs, Silva, S.  JCSS’15]

[Silva, S.  MFPS’11]

Ana Sokolova 

belief-state 
transformer
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Belief-state transformers

belief-state 
transformer

belief state 

Ana Sokolova 

MC

X ➝ D(X)

x1
1
3

||

1
6

✏✏

1
2

""
x2

1

33 x3

1

kk x4

1

kk

1

3

ˆ
1

3
x2 ` 1

6
x3 ` 1

2
x4

˙
` 2

3
p1x2q

1
3x1 ` 2

3x2
_

a ✏✏

. . .

7
9x2 ` 1

18x3 ` 1
6x4
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Belief-state transformers

X
cÑ FX

PA

X ➝ (PD(X))A

x1a

||
a

""

b

��

2
3

||

1
3

""

1
2

""

1
2

||
x2

a

33 x3

b

kk x4

b

kk
belief-state 
transformer

belief state 

Ana Sokolova 

1
3x1 ` 2

3x2-
a
vv

◆ a
))

. . .

8
9x2 ` 1

9x3 . . . 2
3x2 ` 1

6x3 ` 1
6x41

3

ˆ
2

3
x2 ` 1

3
x3

˙
` 2

3
p1x2q
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Probabilistic Automata

Can be given different semantics: 

1. Bisimilarity 
  

2. Convex bisimilarity 

3. Distribution bisimilarity

strong 
bisimilarity probabilistic / 

combined 
bisimilarity

belief-state 
bisimilarity
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PA coalgebraically
on 
   Sets

X ➝ (P D(X))A

x1a

||
a

""

b

��

2
3

||

1
3

""

1
2

""

1
2

||
x2

a

33 x3

b

kk x4

b

kk

„ “ «

X ➝ (C(X))A

x1a

||
a

""

b

��

2
3

||

1
3

""

1
2

""

1
2

||
x2

a

33 x3

b

kk x4

b

kk

„c “ «

and all convex 
combinations

on 
convex 

algebras

X ➝ (Pc(X)+1)A

1
3x1 ` 2

3x2-
a
vv

◆ a
))

. . .

8
9x2 ` 1

9x3 . . . 2
3x2 ` 1

6x3 ` 1
6x4

„d “ «
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Belief-state transformer

X
cÑ FX

PA

X ➝ P (D(X))A

x1a

||
a

""

b

��

2
3

||

1
3

""

1
2

""

1
2

||
x2

a

33 x3

b

kk x4

b

kk what is it? 

how does it emerge? 

  foundation ?

Ana Sokolova 

1
3x1 ` 2

3x2-
a
vv

◆ a
))

. . .

8
9x2 ` 1

9x3 . . . 2
3x2 ` 1

6x3 ` 1
6x4
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Belief-state transformer

X
cÑ FX

PA

X ➝ P (D(X))A

x1a

||
a

""

b

��

2
3

||

1
3

""

1
2

""

1
2

||
x2

a

33 x3

b

kk x4

b

kk coalgebra over free 
convex algebra

how does it emerge? 

  foundation ?

Ana Sokolova 

1
3x1 ` 2

3x2-
a
vv

◆ a
))

. . .

8
9x2 ` 1

9x3 . . . 2
3x2 ` 1

6x3 ` 1
6x4
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Belief-state transformer

X
cÑ FX

PA

X ➝ P (D(X))A

x1a

||
a

""

b

��

2
3

||

1
3

""

1
2

""

1
2

||
x2

a

33 x3

b

kk x4

b

kk

via a generalised3 
determinisation

  foundation ?

coalgebra over free 
convex algebra

Ana Sokolova 

1
3x1 ` 2

3x2-
a
vv

◆ a
))

. . .

8
9x2 ` 1

9x3 . . . 2
3x2 ` 1

6x3 ` 1
6x4
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Belief-state transformer

X
cÑ FX

PA

X ➝ P (D(X))A

x1a

||
a

""

b

��

2
3

||

1
3

""

1
2

""

1
2

||
x2

a

33 x3

b

kk x4

b

kk

via a generalised3 
determinisation

  foundation !

coalgebra over free 
convex algebra
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1
3x1 ` 2

3x2-
a
vv

◆ a
))

. . .

8
9x2 ` 1

9x3 . . . 2
3x2 ` 1

6x3 ` 1
6x4
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R

bisimulation 
up-to 

convex hull

Coinductive proof method 
for distribution bisimilarity

convex and equivalence 
closure of R

to prove μ ~d ৵ 
it suffices to find a  
bisimulation up-to 

convex hull R 
with μ R ৵

„

„

μ’

a

μ ৵

৵’

a

conv-conpRq

by S., Woracek  JPAA’15

there always 
exists a finite 

one!

Ana Sokolova 

[Bonchi, SIlva, S.  CONCUR’17]
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Termination?

Ana Sokolova 

• We looked at one-point extensions of convex algebras,  
for termination.  
 

• What are all the possible ways?  

there are many 
possible ways we can give full 

description for…

single naturally 
functorial way

Every convex algebra can be extended by a single point

[S., Woracek  CALCO’17]MC and PA  
belief-state transformers
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It’s time to terminate this talk..

X
cÑ FX

convexity appears 
at many places 

in probabilistic systems 
sematics

Thank You!

Ana Sokolova 

next: algorithms ? 
              

                           ?
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