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a 7 b c v
rv|ly—x |y <= xz—-x,y—y,a=b-c

Compositionality: z ~z',y~y = z|y~a' |y
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Compositionality: z ~z',y~y = z|y~a' |y

Commutativity: =z |y~y |z

In a coalgebraic setting
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compositional with algebraic properties ?
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compositional with algebraic properties ?

By recognizing structure on the

* base category .

* functor - the type of coalgebras
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bifunctor
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€ (@), @)

bifunctor
nat. iso. v: X ®Y - Y ® X -
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€ (@), @)

bifunctor
nat. iso. v: X ®Y - Y ® X -

Example: (Sets, x, 7v), v({z,y)) = (y, x)
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bifunctor
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(€, (2), (@)

bifunctor

nat. iso. a: X @ (Y ®7) - (X Y)® ~Z
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(€, (2), (@)

bifunctor

nat. iso. a: X @ (Y ®7) - (X Y)® ~Z

Example: (Sets, X, a), al((x,(y,2))) = {x,y), 2)
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such that

FX®FY —“>F(X®Y) .
’Yl lny
|
FYQFX —>F{Y ®X) .
|
|
| H B EH N
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s:F(-) 9 F(+) = F(—® +)

such that

FX®(FY®FZ) 225 FXQFY ®2) —— F(X & (Y ® Z))

(FX®FY)®FZ 24X FIX®Y)®FZ —>F(XQY)® Z)
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Sxy t(AXX+1)x(AXxY+1) - Ax (X xY)+1
defined by

(< >) <Ca<$ay>> U=<a,:c>,v:<b’y>’ c=a-be A
S 'U;,fU —
o - otherwise -
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Sxy t(AXX+1)x(AXxY+1) - Ax (X xY)+1
defined by

(< >) <Ca<33ay>> U=<a,aj>,vz<b’y>’ c=a-be A
S 'U/,/U —
o - otherwise -

® is a symmetric functor for A(-) partially commutative

* is a semigroup functor for A(-) a partial semigroup
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then Coalg has structure (sym./sem./mon.) with

(X,cx) @ (Y, cy) =(XQY,s0(cx ®cy))
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then Coalg has structure (sym./sem./mon.) with

(X,cx) @ (Y, cy) =(XQY,s0(cx ®cy))

Hence: process operations on F'-coalgebras !
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parallel composition of deterministic systems
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parallel composition of deterministic systems

a gy by c 7
rv|ly—x |y <= x—-x,y—y,a=b-c
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parallel composition of deterministic systems
a / / b / C /
rv|ly—x |y <= x—-x,y—y,a=b-c

Note: x | y denotes the state (x, y)

In the composite coalgebra.
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e final coalgebra exists ', = (7. ()

Coalgebra Day 2006, RU Nijmegen — p.10/14



final coalgebra exists (', = (7. ()

F(beh)
f]X —————— - FZ
X--a 772
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e final coalgebra exists ', = (7. ()

e |[=behzgz:Cz®Cy; — Cyisthef.c.s. map
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\\ ‘A’ WA I \/
J

e final coalgebra exists ', = (7. ()

e |[=behzgz:Cz®Cy; — Cyisthef.c.s. map

Then: (Z, () with || is a sym./sem./mon. object in Coalg »
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e final coalgebra exists ', = (7. ()
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e final coalgebra exists ', = (7. ()

e ||, x(Cy — (Cyisan operation
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e final coalgebra exists ', = (7. ()
e ||, x(Cy — (Cyisan operation

Then: r||ly=yl x -

vl yllz) =]yl 2.
algebraic properties hold in Cz(||)
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e final coalgebra exists ', = (7. ()
e ||, x(Cy — (Cyisan operation

Also: r|ly~yl|lx -

z|(ylz)~ x|y lz..
In any composite coalgebra
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If: C, F' - with structure, final exists
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If: C, F' - with structure, final exists

Then: bth®y :H O(bth ®behy)
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If: C, F' - with structure, final exists
Then: bth®y :H O(bth & behy)

In Sets: x~x’,y~y’=>£v|yfvil?/\y/
bisimilarity (the f.c.s.) is a congruence
(Plotkin, Turi)
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If: C, T - with structure
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If: C, T - with structure

Then: JCO('T') has structure
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If: C, T - with structure

Then: JCO('T') has structure

If also: F - with structure in K¢(T)
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If: C, T - with structure

Then: JCO('T') has structure
If also: F - with structure in K¢(T)
Then: trace semantics is compositional
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« With algebraic properties
« with compositional f.c.s.
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« With algebraic properties
« with compositional f.c.s.

Future: full generality ?
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