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Trace semantics for more 
coalgebras!



Two approaches
for coalgebraic traces

Kleisli trace semantics [HJS’07]

 

Traces via the ``generalized powerset 
construction’’ --- determinization [SBBR’10]
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Trace semantics for 
(more) coalgebras

Kleisli trace semantics [HJS’07]

 

Traces via the ``generalized powerset 
construction’’ [SBBR’10]

GT-coalgebras

TF-coalgebras

Examples: P 1 A

D 1 A

NFA
PTS

generative

reactive

Examples: 2 PA NFA
WTSS MA

S
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How do they relate?
The categories via the comparison/extension functor
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How do they relate?
The categories via the comparison/extension functor

It’s all about liftings!

Kleisli extension

f : X Y in K� T
f : X TY in C
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It’s all about liftings
The big picture

Coalg F̂
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Ĝ
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��
K� T

F̂
��

�����������
E �� EM T

Ĝ
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Eventually we will lift E

But before that, some intuition...
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Determinization of NFA
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Determinization of PTS
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Laws and liftings
K�-law λ : FT TF

K� T
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Ĝ �� EM T
��

C G �� C
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Ĝ �� EM T
��

C G �� C

CoAlg GT

��

FEM �� CoAlg Ĝ
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Ĝ
��

free functor

FEM X
c
GTX

T 2X

TX

µ
��

Gµ ρTX T c �� Ĝ
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GT-coalgebras (GPC)

Given a coalgebra  

``Determinize’’ 

 Get semantics by  

Assume         and final           existsTG GT Z GZ

X
c
GTX

FEM c TX, µ Ĝ TX, µ

Ĝ TX

FEM c

��

Ĝ beh �� ĜZ

��
X

η �� TX
beh �� Z
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GT-coalgebras (GPC)

Given a coalgebra  

``Determinize’’ 

 Get semantics by  

Assume         and final           existsTG GT Z GZ

X
c
GTX

FEM c TX, µ Ĝ TX, µ

Ĝ TX

FEM c

��

Ĝ beh �� ĜZ

��
X

η �� TX
beh �� Z

Determinization 

Works for deterministic
automata 

G T B A

Trace semantics 

strong
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TF-coalgebras?
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Ê c

��
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TF-coalgebras 

Given a coalgebra  

``Determinize’’ 

 Get semantics by  

Assume
        

and final           exists
TG GT

Z GZ

Determinization 

Works for 
all examples
we have seen

Trace semantics 

e : TF GTFT TF

X
c
TFX

Ê c TX, µ Ĝ TX, µ
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Ê c
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Ĝ beh �� ĜZ
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Non-determinization of 
simple Segala systems

SSeg LTSP A D P A
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����
��
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����
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2
�� ��
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3
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1
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a

�� x3 x4

b

��
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b

��

a
�������� a

��������

1
2x2

1
3x3

a
��

1
2x3

1
2x4

b��
x2

a

�� x4

b

��
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There is a distributive law that 
provides this non-determinization

LTS-semantics
for SSeg

Pω Dω

G on T(-)
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Relation to Kleisli traces 

Given a coalgebra  
 

  

Assume    has an initial algebra
   and                    is final

holds when
Kleisli traces 

exist

Extension semantics
(trace)

X
c
TFX

F ι : F W W

F ι 1 : W F̂ W

Ĝ TX �� Ĝ TW �������� Ĝ Z

X
η ��

trK� c

��TX

Ê c

��

Ê trK� c �� TW

Ê F ι 1

��

��������� Z

��
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Conclusions

Traces via determinization  

works for both TF and GT coalgebras

the semantics relate (often coincide) 

 all about coalgebras over algebras

Kleisli traces Traces via GPC

in Kleisli and EM
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Conclusions

Traces via determinization  

works for both TF and GT coalgebras

the semantics relate (often coincide) 

 all about coalgebras over algebras

Kleisli traces

Thank you !

Traces via GPC

in Kleisli and EM
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